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Abstract 



The current knowledge on the stellar IMF is documented. It is usually de- 
scribed as being invariant, but evidence to the contrary has emerged: it appears 
to become top-heavy when the star-formation rate density surpasses about 
O.lM0/(yrpc^) on a pc scale and it may become increasingly bottom- heavy 
with increasing metallicity and in increasingly massive early-type galaxies. It 
declines quite steeply below about 0.07 with brown dwarfs (BDs) and very 
low mass stars having their own IMF. The most massive star of mass mmax 
formed in an embedded cluster with stellar mass A^eci correlates strongly with 
Meci being a result of gravitation-driven but resource-limited growth and frag- 
mentation induced starvation. There is no convincing evidence whatsoever that 
massive stars do form in isolation. Massive stars form above a density threshold 
in embedded clusters which become saturated when m„iax = Wmax* ~ 150 Mq 
which appears to be the canonical physical upper mass limit of stars. Super- 
canonical massive stars arise naturally due to stellar mergers induced by stellar- 
dynamical encounters in binary-rich very young dense clusters. 
Various methods of discretising a stellar population are introduced: optimal 
sampling leads to a mass distribution that perfectly represents the exact form of 
the desired IMF and the Wmax-to-Meci relation, while random sampling results 
in statistical variations of the shape of the IMF. The observed mmax-to-Meci 
correlation and the small spread of IMF power-law indices together suggest 
that optimally sampling the IMF may be the more realistic description of star 
formation than random sampling from a universal IMF with a constant upper 
mass limit. 

Composite populations on galaxy scales, which are formed from many pc scale 
star formation events, need to be described by the integrated galactic IMF. 
This IGIMF varies systematically from top-light to top-heavy in dependence of 
galaxy type and star formation rate, with dramatic implications for theories of 
galaxy formation and evolution. 
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1 INTRODUCTION AND HISTORICAL OVERVIEW 



1 Introduction and Historical Overview 

The distribution of stellar masses that form together, the stellar initial mass 
function (IMF), is one of the most important astrophysical distribution func- 
tions. The determination of the IMF is a very difficult problem because stellar 
masses cannot be measured directly and because observations usually cannot 
assess all stars in a population requiring elaborate bias corrections. Indeed, 
the stellar IMF is not measurable (the IMF Unmeasurability Theorem on 
p. [23| . Nevertheless, impressive advances have been achieved such that the 
shape of the IMF is reasonably well understood from low-mass brown dwarfs 
(BDs) to very massive stars. 

The IMF is of fundamental importance because it is a mathematical expres- 
sion for describing the mass-spectrum of stars born collectively in "one event" . 
Here, one event means a gravitationally- driven collective process of transfor- 
mation of the interstellar gaseous matter into stars on a spatial scale of about 
one pc and within about one Myr. Throughout this text such events are re- 
ferred to as embedded star clusters, but they need not lead to gravitationally 
bound long-lived open or globular clusters. Another astrophysical function of 
fundamental importance is the star-formation history (SFH) of a stellar system. 

The IMF and the SFH are connected through complex self-regulating physi- 
cal processes on galactic scales, whereby it can be summarised that for late-type 
galaxies the star-formation rate (SFR) increases with increasing galaxy mass 
and the deeper gravitational potential. For early-type galaxies the same is true 
except that the SFH was of short duration ( ^ few Gyr) . Together the IMF 
and SFH contain the essential information on the transformation of dark gas 
to shining stars and the spectral energy distribution thereof. They also contain 
the essential information on the cycle of matter, which fraction of it is locked up 
in feeble stars and sub-stellar objects, and how much of it is returned enriched 
with higher chemical elements to the interstellar medium or atmosphere of a 
galaxy. Knowing the rate with which matter is converted to stars in galaxies 
is essential for understanding the matter cycle and the matter content in the 
universe at a fundamental level. 

This text is meant to outline essentials in IMF work, to document its form 
which appears to be invariant for the vast majority of resolved star-formation 
events and to describe modern evidence for IMF variation and how whole galax- 
ies are to be described as composite or complex populations. The literature on 
the IMF is vast, and it is unfortunately not possible to cover every research 
paper on this topic, although some attempt has been made to be as inclusive as 
possible. Sec. [1] gives a brief historical review and a short overview of the topic, 
and pointers to other reviews are provided in Sec. 11.81 

1.1 Solar neighbourhood 

Given the importance of the IMF a major research effort has been invested to 
distill its shape and variability. It began by first considering the best-known 
stellar sample, namely that in the neighbourhood of the Sun. 
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1 INTRODUCTION AND HISTORICAL OVERVIEW 
1.1 Solar neighbourhood 



The seminal contribution bv lSalpeteil (|l955[ ) whilst staying in Canberra first 
described the IMF as a power-law, dN = ^(m) dm = km'", where dN is the 
number of stars in the mass interval m,m + dm and k is the normalisation 
constant. By modelling the spatial distribution of the then observed stars with 
assumptions on the star-formation rate, Galactic-disk structure and stellar evo- 
lution time-scales, Salpeter arrived at the power-law index (or "slope") a = 2.35 
for 0.4 <m/AfQ < 10, which today is known as the "Salpeter IMF"0 

This IMF form implies a diverging mass density for m — >■ 0, which was 
interesting since dark matter was speculated, until the early 1990's, to possibly 
be made-up of faint stars or sub-stellar objects. Studies of the stellar velocities 
in the solar-neighbourhood also implied a large amount of missing, or dark, 
mass in the disk of the Milky Way (MW) (Bahcall 1984). Careful compilation 
in Heidelberg of the Gli ese Catalogue of Nearby Stars beginning in the 1960's 
(|jahreifi fc Wielenlll997li^ . and the application at the beginning of the 1980's 
of an innovative photographic pe ncil-beam survey-techn ique reaching deep into 
the Galactic field in Edinburgh bv lReid fc Gilmord (|l982[ ) significantly improved 
knowledge of the space density of low-mass stars (LMSs, m/M© ^ 0.5). 

Major studies extending Salpeter's work to lower and larger masses followed, 
showing that the mass function (MF) of Galactic-field stars turns over below one 
solar mass thus avoiding the divergence. Since stars with masses m^O.8 Mq 
do not evolve significantly over t he age of the Galactic disk, the MF equals the 
IMF for these. While the work of lMiller k Scald (|l979l ) relied on us i ng the then- 



known nearby stellar sample to define the IMF for m < 1 M^. lScalo ( 1986f) relied 
mostly on a more re cent deep pencil-beam star-count survey using photographic 
plates. IScalol (1986) stands out as the most thorough and comprehensive analysis 
of the IMF in existence, laying down notation and ideas in use today. 

The form of the IMF for low-mass stars was revised in the early 1990's in 
Cambridge, especially through the quantification of significant non-linearities in 
the stellar mass -luminosity relation and evaluation of the bias due to unresolved 
binary systems ( Kroupa et al. 1990l 1991, ,1993i) . This work lead to a detailed 
understanding of the shape of the stellar luminosity function (LF) in terms of 
stellar physics. It als o res olved t h e diff erence between the results obtained by 
Miller fc Scalol (|l979h and IScalol (|l986h through rigorous modellmg of all bi- 



ases affecting local trigonometric-based and distant photometric-parallax-based 
surveys, such as come from an intrinsic metallicity scatter, evolution along the 
main sequence and contraction to the main sequence. In doing so this work 
also included an updated local stellar sample and the then best-available deep 
pencil-beam survey. As such it stands unique today as being the only rigorous 
analysis of the late-type-star MF using simultaneously both the nearby trigono- 
metric parallax and the far, pencil-beam star-count data to constrain the one 



^As noted by IZinneckerl l|201lf l. Salpeter used an age of 6 Gyr for the MW disk; had he 
used the now adopted age of 12 Gyr he would have arrived at a "Salpeter index" a 2.05 
instead of 2.35. 

^The latest version of the catalogue can be found at 
jhttp: / /www. ari.uni-heidelberg.de/datenbanken/aricns/ while http:/ /www.nstars.nau. id^ 
contains the Nearby Stars (NStars) database. 
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underlying MF of stars. This study was further extended to an analysis of other 
ground-based pencil-beam surveys being in excellent agreement with measure- 
ments with the HST of the LF through the entire thickness of the MW (Fig. [9] 
below). 

These results (a « 1.3,0.1 - 0.5 M©), were confirmed by iReid et aD (|2002l ) 



using updated local star-counts that included Hipparcos parallax data. Indeed, 
the continued long-term observational effort on nearby stars by Neill Reid, 
John Gizis and collaborators forms one of the very major pillars of modern 
IMF work; continued discussion of controversial interpretations have much im- 
proved and sharpened our general understanding of the issues. A re-analysis 
of the nearby mass function of stars in terms of a log-normal form in the mass 
range 0.07 — 1 Mq was provided by Gilles Chabrier, finding agreement to the 
deep HST star-count data once unresolved multiple stars and a metal -deficient 



colo ur- magnitude relation for thick-disk M dwarfs are accounted for (jChabrier 
SoOSb). The log-normal form with a power-law extension to high masses is in- 
distinguishable from the older can onical two-part p o wer-la w form (see Fig. [24l 
below) . The immense analysis by iBochanski et al.l ()2010l ) of the LF and MF 
of 15 X 10^ field low-mass dwarfs (0.1 ^ m/M© ^ 0.8) derived from Sloan Digital 
Sky Survey Data Release 6 photometry using the photometric parallax method 
again finds good consistency with the previous work on the stellar LF and MF. 

The Galactic-field stellar IMF for 0.08 ^ m/M© ^ 1 can thus be regarded as 
being reasonably well-constrained. It converges to a finite mass density such 
that low-mass stars cannot be a dynamically-significant contributor to the MW 
disk. The dynamical evidence for significant amo unts of dark matter i n the disk 



was finally eroded bv lKuiiken fc Gilmord (|l99l[ ) and lFlvnn fc Fuchsl (|l994) 



1.2 Star clusters 

In contrast to the Galactic-field sample, where stars of many ages and metallici- 
ties are mixed, clusters offer the advantage that the stars have the same age and 
metallicity and distance. And so a very large effort has been invested to try to 
extract the IMF from open and embedded clusters, as well as from associations. 

On the theoretical side, the ever-improving modelling of stellar and BD at- 
mospheres being pushed forward with excellent results notably by the Lyon 
group (Isabelle Baraffe and Gilles Chabrier), has allowed consistently better 
constraints on the faint-star MF by a wide variety of observational surveys H. 
Furthermore, the development of high-precision TV-body codes that rely on com- 
plex mathematical and algorithmic regularisation of the e quations of mo tions 
through the work of Sverre Aarseth and Seppo Mikkola ( Aarseth 19991 ) and 



^ Here it should be emphasised and acknowledged that the intensive and highly fruitful 
discourse between Guenther Wuchterl and the Lyon group has led to the important under- 
standing that the classica l evolution tracks computed in Lyon and by othe rs are unreliable for 
ages less than a few Myr l lTout et al.lll999l : rWuchterl fc Tsch arnute/'2003l). This comes about 
because the emerging star 's structure retains a memory of its accretion history. In particular 
IWuchterl fc KlessenI ll200lh present a SPH computation of the gravitational collapse and early 
evolution of a solar-type star documenting the significant difference to a pre-main sequence 
track if the star is instead classically assumed to form in isolation. 
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others has led to important progress on understanding the variation of the dy- 
namical properties^ of stellar populations in individual clusters and the Galactic 
field. 

In general, the MF found for clusters is consistent with the Galactic-field IMF 
for TO < 1 Mq, but it is still unclear as to wh y open clusters have a significant 
deficit of white dwarfs ( Fellhauer et al. [20031) . Important issues are the rapid 



and violent early dynamical evolution of clusters due to the expulsion of residual 
gas and the associated loss of a large fraction of the cluster population, and th e 
density-dependent disruption of primordial binary systems (jKroupa et al. 



Young clusters have thus u ndergone a highly complex d ynamical evolution 



iipii 

which continues into old age (jBaumgardt k, Makind |2003() and are therefore 



subject to biases that can only be studied effectively with full-scale iV-body 
methods, thus imposing a complexity of analysis that surpasses that for the 
Galactic-field sample. The pronounced deficit of BDs and low-mass stars in the 
600 Myr old H yades are excellent observational proo f how dynamical evolution 
affects the MF (|Bouvier et al.ll2008HR,oser et al.ll201lh . While estimating masses 



of stars younger than a few Myr is subject to major uncertaintjEl, differential 
reddening is also a complicated problem to handle when studying the IMF 
(Sec. EI]). 



Important Note: In order to constrain the shape and variation of the IMF 
from star-count data in clusters high-precision iV-body modelling must be mas- 
tered in addition to stellar-evolution theory and knowledge of the properties of 
multiple stars. 



1.3 Intermediate-mass and massive stars 

Intermediate-mass and particularly massive stars are rare and so larger spatial 
volumes need to be surveyed to assess their distribution by mass. 

For intermediate- mass and massive stars, the 'S calol ( 1986f ) IMF is based on 



a combination of Galactic-field star-counts and OB association data and has a 
slope a K, 2.7 for to ^ 2 Mp^ with much u ncertainty for to > 10 A/q. The previous 
determination bv lMiller fc Scald (|l979l) also implied a relatively steep field-IMF 



with a w 2.5, 1 < to/Mq < 10 and a « 3.3, to > 10 Mq. Elmcgr een fc Scalo 



( 20061 ) point out that structure in the MF is generated at a mass if the SFR 



of the population under study varies on a time-scale comparable to the stellar 
evolution time-scale of its stars near that mass. Artificial structure in the stellar 
IMF may be deduced in this case, and this effect is par ticularly relevant f or the 
field-IMF. Perhaps the peculiar structure detected bv iGouliermis et~ar ( 2005 ) 



in the field-MF of stars in the Large Magellanic Cloud may be d u e to this effe ct. 
An interesting finding in this context reported bv iMassev (1998, 2003f ) is 



that the OB stellar population found in the field of the LMC has a very steep 



^The dynamical properties of a stellar system are its mass and, if it is a multiple star, its 
orbital parameters {semi-major axis, mass ratio, eccentricity, both inner and outer if it is a 
higher-order multiple system). See also Sec. 12.61 



14 



1 INTRODUCTION AND HISTORICAL OVERVIEW 
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MF, a ~ 4.5, which can be interpreted to be due to the preferred formatio n 



of small groups or even isolated O and B-type stars (e.g. ISelier et al.ll201lh . 
Another or an ad ditional effect influencing the deduced shape of the IMF via 
a changing SFR (jElmegreen fc Scald [iooi is the dynamical ejection of OB 
stars from dynamically unstable cores of young clusters. This may lead to 
such a steep IMF because, as dynamical work suggests , preferentially the less- 
massive members of a core of massi ve stars are ejected ( Clarke fc Pringl3ll992l : 
Pflamm-Altenburg fc KrouDal[2006l) . This process would require further study 



using fully-consistent and high-precision iV-body modelling of young clusters to 
see if the observed distribution of field-OB stars can be accounted for with this 
process alone, or if indeed an exotic star-formation mode needs to be invoked 
to explain some of the observations. 

The IMF for intermediate-mass and massive stars deduced from star counts 
in the field of a galaxy may therefore yield false information on the true shape 
of the stellar IMF, and stellar samples with well defined formation histories 
such as OB associations and star clusters are more useful to constrain the IMF. 
Photometric surveys of such regions, while essential for reaching faint stars, do 
not allow a reliable assessment of the mass distribution of massive stars since 
their spectral energy distribution is largely output at short wavelengths beyond 
the optical. Spectroscopic classification is therefore an essential tool for this 
purpose. 

Phil Massey's work at Tucson, based on extensive spectroscopic classification 
of stars in OB associations and in star clusters , demonstrated that for massive 
stars a — 2.35 ± 0.1, 10 Mq (jMassevlll998l ). for a large variety of physical 
environments as found in the MW and the Magellanic Clouds, namely OB as- 
sociations and dense clusters and for populations with metallicity ranging from 
near-solar-abundance to about 1/lOth metal abundance (Fig. |8] below). The 
significant differences in the metallicity between the outer and the inner edge 
of the Galactic disk seem not to influence star-formation, as lYasui et all (|2008l ) 
find no apparent difference in the stellar MFs of clusters in the extreme outer 
Galaxy compared to the rest of the disk down to 0.1 Mq. 



1.4 The invariant IMF and its conflict with theory 

The thus empirically constrained stellar IMF can be described well by a two-part 
power-law form with ai — 1.3 for to^0.5Mq and with the Salpeter/Massey 
index, a2 = 2.35 for Mq, being remarkably invariant^ This IMF is 

referred to as the canonical IMF and is given in Sec. 19. li as the simpler two-part 
power-law form by Eg. 1551 and as the log- normal plus power- law form by Eg. 1561 
The empirical result leads to the statement of the following hypothesis: 



^Note that lScalcl lliggsT ) emphasises that the IMF remains poorly constrained owing to the 
small number of massive stars in any one sample. This is a true albeit conservative stand- 
point, and the present authors prefer to accept Massey's result as a working IMF-universality 
hypothesis. . 
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Invariant IMF Hypothesis: There exists a universal parent distribution 
function which describes the distribution of stellar masses in individual star- 
forming events. 

The Invariant IMF Hypothesis needs to be tested with star-count data in galactic 
fields and in individual clusters and OB associations for possible significant 
deviations. But it is mandatory to take into account the biases listed in Sec. l2.1l 
when doing so. 

The Invariant IMF Hypothesis is not consistent with theory (see also Sec. lll.l] 
and lT^ : There are two broad theoretical ansatzes for the origin of stellar masses: 



Th e Jeans-Mass Ansatz: According to the Jeans-mass argument (e.g. iJeans 
I1902I . lLarsonlll998L iBate fc Bonnelllliooi iBonnell et al.ll200fiL Eq. [50] be- 
low) star-formation at lower metallicity ought to produce stars of, on av- 
erage, heavier mass and thus an effectively top-heavy IMF (i.e. the ratio 
between the number of massive stars and low mass stars ought to in- 
crease). At lower metallicity the cooling is less efficient causing larger 
Jeans masses as a requirement for gravitational collapse to a proto-star 
and thus larger stellar masses. That warmer gas produces an IMF shifted 
to larger m asses has been demonstrated with state-of-the art SPH simu- 
lations (e.g. iKlessen et al.ll2007i) . 

The Self -Regulatory Ansatz: Another approach is formulated bv lAdams fc Fatuzzo 
( 1996f ) who argue that the Jeans-Mass Ansatz is invahd since there is 
no preferred Jeans mass in a turbulent molecular cloud. Instead they in- 
voke the central-limit theorerr0 together with self-regulated assembly and 
they suggest that the final stellar masses are given by the balance between 
feedback energy from the forming star (accretion luminosity, outflows) and 
the rate of accretion from the proto-stellar envelope and circum-stellar 
disk. As the proto-star builds-up its luminosity increases until the ac- 
cretion is shut off. When sh ut-off occurs depends on the accretion rate. 
Indeed, Basu fc Joned ( 2004 ) explain the observed power- law extension of 
the IMF at large stellar masses as being due to a distribution of different 
accretion rates. The self-regulating character of star formatio n has been 



studi ed profusely by the group around Christopher VIcKee (e.g. iTan et al 



20061 ) and has been shown t o lead to decreasing star-formation efficien cies 



with increasing metafiicity (|Dib et al.ll2010HDibll2oT]1:lDib et"alll201ll ). In 

low-metallicity gas the coupling of the photons to the gas is less efficient 
causing a less effective opposition against the accreting material. And, 
at lower metallicity the cooling is reduced causing a higher temperature 



^ Citing from lBasu fc Jonej ||2004| ): "According to the central limit theorem of statistics, 
if the mass of a protostellar condensation Mc = /i X /2 X ... X /jv, then the distribution of 
Mc tends to a lognormal regardless of the distributions of the individual physical parameters 
fi(i = 1, . . . N), if N is large. Depending on the specific distributions of the fi, a convergence 
to a lognormal may even occur for moderate A^." The central limit theorem was invoked for the 
first time by Zinnecken ((1984 ) to study the form of the IMF from hierarchical fragmentation 
of collapsing cloud cores. 
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of the gas and thus a higher speed of sound with a larger accretion rate. 
The final stellar IMF is expected to be populated by more massive stars 
in metal-poor environments. 

Both approaches can be refined by studying a distribution of physical conditions 
in a given star-forming cloud, but both lead to the same conclusion, namely that 
low-metallicity and high-temperature ought to produce top-heavy stellar IMFs. 
This leads to the following robust theoretical IMF result: 



The Variable IMF Prediciton: Both the Jeans-mass and the self-regulation 
arguments invoke very different physical principles and yet they lead to the 
same result: The IMF ought to become top-heavy under low-metallicity and 
high-temperature star-forming conditions. 



Star-formati on in the very early universe must have therefore produced top- 
heavy IMFs (|Larsonlll99l iBromm et al.ll200lt fciark et al.ll201ll) . But the sam- 
ples of simple-stellar populations spanning all cosmological epochs (globular 
clusters to current star-formation in embedded clusters) available in the Local 
Group of galaxies have until recently not shown convincing evidence supporting 
The Variable-IMF Prediction. This issue is addressed in more detail in 
SecIHH 



1.5 A philosophical note 

Much of the current discussion on star-formation, from the smallest to the 
largest (galaxy-wide) scales, can be categorised into two broad conceptual ap- 
proaches which are related to the Jeans-Mass Ansatz vs the Self- Regulatory 
Ansatz of Sec. 11.41 

Approach A is related to the notion that star formation is inherently stochas- 
tic such that the IMF is a probabilistic distribution function only. This 
is a natural notion under the argument that the processes governing 
star-formation are so many and complex that the outcome is essentially 
stochastic in nature. Followers of this line of reasoning argue for example 
that massive stars can form in isolation and that the mass of the most 
massive star cluster forming in a galaxy depends on the time-scale over 
which an ensemble of star clusters is considered (the size-of-sample effect, 
even at very low SFRs a galaxy would produce a very massive star cluster 
if one waits long enough, i.e. if the sample of clusters is large enough). 
Approach A can be formulated concisely as nature plays dice when 

STARS FORM. 

Approach B is related to the notion that nature is inherently self-regulated 
and deterministic. This is a natural notion given that physical processes 
must always depend on the boundary conditions which are a result of the 
physical processes at hand. An example of such would be gravitationally- 
driven growth processes with feedback in media with limited resources. 
The emerging phenomena such as the distribution of stellar masses, of 
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star-cluster masses and/or of how phase-space is populated to make binary 
stellar systems are, at least in principle, computable. They are computable 
in the sense that statistical mathematics provides the required tools such 
that the distribution functions used to describe the outcomes are subject 
to constrains. For example, a young stellar population of mass Mod is 
excellently described by ^(m) with the condition m < mniax(Meci). How- 
ever, purely random sampling from ^(m) even under this constraint will 
not reproduce a realistic population if nature follows Optimal Sampling 
(p. [M])- This is because Optimal Sampling will never allow a cluster 
to be made up of A/eci /mmax stars of mass TOmax, while constrained ran- 
dom sampling would. Approach B can be formulated concisely as nature 

DOES NOT PLAY DICE WHEN STARS FORM. 

Depending on which of the two notions is applied, the resulting astrophysical 
description of galaxies leads to very diverging results. Either a galaxy can 
be described as an object in which stars form purely stochastically such that 
the galaxy- wide IMF is equal to the stellar IMF (Approach A). In this case a 
thousand small groups of 20 pre-main sequence stars will have the same stellar 
IMF as one very young star-cluster containing 20000 stars. Or an embedded 
cluster or a galaxy are understood to be highly self-regulated systems such 
that the galaxy- wide IMF differs from the stellar IMF (Approach B, Sec. [T3)) . 
According to this notion, a thousand small groups of 20 pre-main sequence stars 
would not contain a single star with to > 5 Mq, while a very young star cluster 
of 20000 stars would contain many such stars. The different Approaches have 
very different implications for understanding the matter cycle in the universe. 



1.6 Hypothesis testing 

The studies aimed at constraining the stellar IMF observationally typically have 
the goal of testing the Invariant IMF Hypothesis (p.IH]) either in individual 
star-forming events such as in a star cluster, or on galaxy-wide scales. Here, it 
is important to be reminded of the following: 



Elementary Logics of Hypothesis Testing: Negation of a hypothesis I 
does not imply that the alternative hypothesis II is correct 



By showing that hypothesis I is consistent with some data does not imply that 
an alternative hypothesis II is therewith ruled out. A case in point is the 
discussion about dark matter and dark energy: Ruling out the standard cosmo- 
logical (LCDM) model does not im ply that any particular alternative is correct 
( Kroupa et al.llioiot iKroupa 20121) . Conversely, rulin g out a particular alt erna- 



tive does not imply that the LCDM model is correct (jWoitak et al.ll201lh . 

Concerning the IMF, if a purely stochastic model (Approach A, Sec. II. 5p 
is consistent with some observational data, then this does not imply that the 
alternative (Optimal Sampling, which is related to Approach B) is falsified. 

A case in point is provided by the following example relevant for the tests 



of the IGIMF theory on p. I144|) : The masses of an ensemble of observed dwarf 



18 



1 INTRODUCTION AND HISTORICAL OVERVIEW 
1.7 About this text 



galaxies are calculated from spectral energy distribution modelling using the 
universal canonical IMF. These masses are then applied in testing a possible 
variation of the galaxy- wide IMF in terms of the UV and Ha flux ratios. If the 
universal IMF calculations allow for fluctuating SFRs whereas the variable IMF 
calculations do not, then the (wrong) conclusion of such an approach would 
plausibly be that nature appears to play dice, because observational data nat- 
urally contain measurement uncertainties which act as randomisation agents. 

The consistent approach would instead be to compute the galaxy masses 
assuming a variable galaxy-wide IMF to test whether the hypothesis that the 
IMF varies systematically with galaxy mass can be discarded. The logically 
consistent procedure would be to calculate all fluxes within both scenarios in- 
dependently of each other and assuming in both that the SFR can fluctuate, 
and to test these calculations against the observed fluxes. The result of this 
consistent procedure are opposite to those of the above inconsistent procedure 
in that the data are in better agreement with the systematically variable IMF, 
i.e. that nature does not play dice. 

A final point to consider is is when a hypothesis ought to be finally dis- 
carded. Two examples illustrate this: Consider the Taurus- Auriga and Orion 
star forming clouds. Here the number of stars with m 1 Mq is significantly 
below the expectation from the purely stochastic model (see box IGIMF Pre- 
dictions/Tests on p. ll44|) . This unambiguously falsifies the stochastic model. 
But the data are in excellent agreement with the expectation from the IGIMF 
theory. Is it then meaningful to nevertheless keep adopting the stochastic model 
on cluster and galaxy problems? Another example, being perhaps more rele- 
vant to Sec. II. 5[ is the issue with the current standard cosmological model. It 



is ruled out by Peebles fc Nusser ( 2010l) : Kroupa ( 2012^ . Should it nevertheless 



be adopted in further cosmological and related research? 



1.7 About this text 



As is evident from the above introduction, the IMF may be well defined and 
is quite universal in each star-forming event out of which comes a spatially 
and temporally well correlated set of stars. But many such events will produce 
a summed IMF which may be different because the individual IMFs need to 
be added whereby the distribution of the star- formation events in mass, space 
and time become an issue. It thus emerges that it is necessary to distinguish 
between simple stellar populations and composite populations. Some definitions 
are useful: 
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Definitions: 

• A simple population obtains from a spatially ( ^ few pc) and temporarily 
( ^ Myr) correlated star formation event (CSFE, also referred to as a collective 
star formation event, being essentially an embedded star cluster) . The mass of 
a CSFE may range from a few Mq upwards. 

• A composite or complex population consists of more than one simple popula- 
tion. 

• The stellar IMF refers to the IMF of stars in a simple population. 

• A composite or integrated IMF is the IMF of a composite or complex pop- 
ulation, i.e. a population composed of many CSFEs, most of which may be 
gravitationally unbound. The galaxy- wide version is the IGIMF fSec. fT3)) . 

• The PDMF is the present-day MF of a stellar population not corrected for 
stellar evolution nor for losses through stellar deaths. Note that a canonical 
PDMF is a PDMF derived from a canonical IMF. 

• A stellar system can be a multiple star or a single star. It has dynamical 
properties (Footnote |4] on p. I14p. 

• The system luminosity or mass function is the LF or MF obtained by count- 
ing all stellar systems. The stellar LF or stellar MF is the true distribution of 
all stars in the sample, thereby counting all individual companions in multiple 
systems. This is also referred to as the individual-siav LF/MF. 

• Note lkm/s= 1.0227 pc/Myr, Igcm'^ = 1.478 x Mqy>c^^ and 
lgcm~^ = 4788.4 M0pc~^ for a solar-metallicity gas. 

• The following additional abbreviations are used: SFR=star formation rate 
in units of Af0yr~^; SFII=star formation history=SFR as a function of time; 
SFRD=star formation rate density in units of AIq yr^^ pc^"^. 



This treatise provides an overview of the general methods used to derive the IMF 
with special attention on the pitfalls that are typically encountered. The binary 
properties of stars and of brown dwarfs are discussed as well because they are 
essential to understand the true shape of the stellar IMF. While the stellar IMF 
appears to have emerged as being universal in star-formation events as currently 
found in the Local Group of galaxies, the recent realisation that star-clusters 
limit the mass spectrum of their stars is one form of IMF variation and has 
interesting implications for the formation of stars in a cluster and leads to the 
insight that composite populations must show IMFs that differ from the stellar 
IMF in each cluster. With this finale, this treatise reaches the cosmological 
arena. 



1.8 Other IMF reviews 

The seminal contribution bv lScalol (|l98fih on the IMF remains a necessary source 
for cons ultation on the fundamentals of the IMF problem. The landmark re- 
view by iMassev ( 2003 ) on mass ive stars in the Local Gro up of galaxies is an 
essential read, as is the review bv lZinnecker fc Yorkd (l 2007l) on massive-star for- 
mation. Other reviews of the IMF are by Scald ( 1998 ). Kroupa (2002), Chabrier 
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( 2003al) . lBonnell et all (|2007l) . lElmegreCTl (|2009l) and lBastian et all (|2010l) . The 

proceeding s of the "38th Her stmonceux Conference on the Stellar Initial Mass 
Function" (|Gilmore fc Howell 1998) and the proce edings of the "IMFS O" meet- 
ing in celebration of Ed Salpeter's 80th birthday (jCorbelli et al.l 120051 ) contain 
a wealth of important contributions to the field. A recent major but also some- 
what exclusive conference on the IMF was held from June 20th to 25th 2010 in 
Sedona, Arizona, for researchers to discuss the recently accumulating evidence 
for IMF variations: "UP2010: Have Observations Revealed a Variable Upper 
End of the Initial Mass Function?" . Th e published contrib utions are a unique 
source of information on this problem ( Trever et al. 2pil[). A comprehensive 
review of extreme star formation is available bv iTurneij (j2009( ) . 



2 Some Essentials 

Assuming the relevant biases listed in Sec. 12.11 have been corrected for such 
that all binary and higher-order stellar systems can be resolved into individual 
stars in some complete population such as the solar neighbourhood and that 
only main-sequence stars are selected for, then the number of single stars per 
pc'^ in the mass interval m to m -I- dm is dN — 5(m) dm, where S(m) is the 
present-day mass function (PDMF). The number of single stars per pc'^ in the 
absolute P-band magnitude interval Mp to Mp + dMp is dN = —'i/{Mp) dMp, 
where ^'(Afp) is the stellar luminosity function (LF) which is constructed by 
counting the number of stars in the survey volume per magnitude interval, and 
P signifies an observational photometric pass-band such as the V- or /-band. 
Thus 

Note that the the minus sign comes-in because increasing mass leads to decreas- 
ing magnitudes, and that the LF constructed in one photometric pass band P 
can be transformed into another band P' by 

^ , , ^ , dN dMp, ^ , , ^ , dMp, 

if the function Alp, — fn(Mp) is known. Such functions are equivalent to 
colour-magnitude relations. 

Since the derivative of the stellar mass-luminosity relation (MLR), m{Mp) = 
m{Mp, Z,T,s), enters the calculation of the MF, any uncertainties in stellar 
structure and evolution theory on the one hand (if a theoretical MLR is relied 
upon) or in observational ML-data on the other hand, will be magnified accord- 
ingly. This problem cannot be avoided if the mass function is constructed by 
converting the observed stellar luminosities one-by-one to stellar masses using 
the MLR and then binning the masses, because the derivative of the MLR never- 
theless creeps-in through the binning process, because equal luminosity intervals 
are not mapped into equal mass intervals. The dependence of the MLR on the 
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star's chemical composition, Z , it's age, r, and spin vector s, is explicitly stated 
here, since stars with fewer metals than the Sun are brighter (lower opacity), 
main-sequence stars brighten with time and loose mass, and rotating stars are 
dimmer because of the reduced internal pressure. Mass loss and rotation are 



signifi cant factors for intermediate and especially high-mass stars (jPennv et al 



20011) 



The IMF, or synonymously here the IGIMF fSect. [T5|). follows by correcting 
the observed number of main sequence stars for the number of stars that have 
evolved off the main sequence. Defining i = to be the time when the Galaxy 
that now has an age t = tg began forming, the number of stars per pc^ in 
the mass interval m, to -I- dm that form in the time interval t,t + dt is dN = 
^(to; t) dmxb'{t) dt, where the expected time-dependence of the IMF is explicitly 
stated (Sec. [13|), and where b'{t) = 6(i)/rG is the normalised star-formation 
history, (I/tg) Jq'^ b{t) dt = 1. Stars that have main-sequence life-times T(m) < 
tg leave the stellar population unless they were born during the most recent 
time interval [tq — r(TO),rG]- The number density of such stars still on the 
main sequence with initial masses computed from their present-day masses and 
their ages in the range m,m -\- dm and the total number density of stars with 
T{m) > Tq, are, respectively, 

"^G L Jo b[t) dt , T(m) > TG, 



where the time-averaged IMF, ^(to,), has now been defined. Thus, for low- mass 
stars S = ^, while for a sub-population of massive stars that has an age At <^ tq, 
S = (A^/tg) S, for those stars of mass m for which the main-sequence life-time 
t(to) > At, indicating how an observed high-mass IMF in an OB association, for 
example, has to be scaled to the Galactic-field IMF for low-mass stars, assuming 
continuity of the IMF. In this case the different spatial distribution via different 
disk-scale heights of old and young stars also needs to be taken into account, 
which is done globally by calcula ting the stellar surface density in the MW disk 
(jMiller fc Scalolll979l : IScalolll98d ). Thus we can see that joining the cumulative 
low- mass star counts to the snap-shot view of the massive-star IMF is non-trivial 
and affects the shape of the IMF in the notorious mass range « 0.8 — SM©, 
where the main-sequence life-times are comparable to the age of the MW disk 
(Fig. 1261 bottom panel) . For a population in a star cluster or association with 
an age Td ^ tq, Tci replaces tq in Eq. [3l Examples of the time- modulation of 
the IMF are b{t) = 1 (constant star-formation rate) or a Dirac-delta function, 
b{t) = 6{t — to) (all stars formed at the same time to). 

The stellar IMF can conveniently be written as an arbitrary number of 
power-law segements, 

^BD = fc fcBD ) , (4) 

\mi 
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6tar(TO) = k 



, mi < m < m2 , n = 1, 
n [^) , mn<m< m„+i , n > 2, 



(5) 

where /sbd and fc contain the desired scahng, 0.01 Mq is about the minimum 
mass of a BD (see footnote [15] on p. [89]) . and the mass-ratios ensure continuity. 
Here the separation into the IMF of BDs and of stars has already been expHcitly 
stated (see Sec. [5]). 

Often used is the "logarithmic mass function" (Table [3] below), 

^(m) = (mlnlO) e(m), (6) 

where dN — ^l('™) dim is the number of stars with mass in the interval Im, lm + 
dim {Im = logiQmj^- 

The stellar mass of a an embedded cluster, Mcci, can be used to investigate 
the expected number of stars above a certain mass m, 

/•mi-,-, ax* 

N{> m)= i{m')dm', (7) 



with the mass in stars of the whole (originally embedded) cluster, Med, being 
calculated from 



(•"12 

Mi,2 = / m' ^{m') dm', 

J mi 



(8) 



with Mod = Mi^2 for mi = miow ~ 0.07 A/q (about the hydrogen burning mass 
limit) and m2 = mmax* = oo (the Massey assertion, p. HH but see Sec. 13. 3p . 
There are two unknowns {N{> m) and k) that can be solved for by using the 
two equations above. 

It should be noted that the IMF is not a measurable quantity: Given that 
we are never likely to learn the exact dynamical history of a particular cluster 
or population, it follows that we can never ascertain the IMF for any individual 
cluster or population. This can be summarised concisely with the following 
theorem: 



The IMF Unmeasurability Theorem: The IMF cannot be extracted di- 
rectly for any individual stellar population. 



Proof: For clusters younger than about 1 Myr star formation has not ceased 
and the IMF is therefore not assembled yet and the clu ster cores consisting of 



massive stars have already dynamically ejected members (jPflamm-Altenburg fc Kroupa 



20061) . Mas sive stars (m ^ 30 M^) le ave the main sequence before they are fully 



assembled ( Maeder fc Behrendl[2003) . For clusters with an age between 0.5 and 



a few Myr the expulsion of residual gas has lead to a loss of stars ( Kroupa et al.l 



200l[) . Older clusters are either still loosing stars due to residual gas expulsion 



or are evolving secularly through evaporation driven by energy equipartition 



''Note that IScalol lll986l ') calls the mass function and £,{ra) the mass spectrum. 



23 



2 SOME ESSENTIALS 

2.1 Unavoidable biases affecting IMF studies 



( Vesperini fc Heggigll997t iBaumgardt fc Makinol 12003 ) . There exists thus no 
time when all stars are assembled in an observationally accessible volume (i.e. 
a star cluster). An observer is never able to access all phase-space variables of 
all potential members of an OB association. The field population is a mixture 
of many star-formation events whereby it can practically not be proven that a 
complete population has been documented. End of proof. 

Note that The IMF Unmeasurability Theorem implies that individual 
clusters cannot be used to make deductions on the similarity or not of their 
IMFs, unless a complete dynamical history of each cluster is available. 

Notwithstanding this pessimistic theorem, it is nevertheless necessary to 
observe and study star clusters of any age. Combined with thorough and realistic 
TV-body modelling the data do lead to essential statistical constraints on the 
IMF Universality Hypothesis (p. IHH see also p. 



2.1 Unavoidable biases affecting IMF studies 

Past research has uncovered a long list of biases that affect the conversion of 
the observed distribution of stellar brightnesses to the underlying stellar IMF. 
These are just as valid today, and in particular analysis of the GAIA-space- 
mission data will need to take the relevant ones into account before the stellar 
IMF can be constrained anew. The list of all unavoidable biases affecting stellar 
IMF studies is provided here with key references addressing these: 

Malmquist bias (affects MW-ficld star counts): Stars of the same mass but 
with different ages, metallicities and spin vectors have different colours 
and luminosities which leads to errors in distance measurements in flu x- 
limited field star counts using photometric parallax ( Stobie et al. 1989f ). 



Colour-magnitude relation (affects MW-field star counts): Distance measure- 
ments through photometric parallax are systematically affected if the true 
colour-mag nitude relation of stars deviates from the assumed relation 
(|Reid fc G izis 1997) (but see Footnote [H on p. EE 



Lutz-Kelker bias (affects MW-field star counts): A distance-limited survey is 
affected by parallax measurement u ncertainties such that the spatial stel- 
lar densities are estimated wrongly dLutz fc Kelker 1973 ). Correcting for 
this bias will be required when analysing GAIA-space mission star-count 
data. 



Unresolved multiple stars (affects all star counts): Companions to stars can 
be missed because their separation is below the resolutio n limit, or be 



cause the companion's luminosity is below the flux limit (jKroupa et al 



199l|). When using photometric parallax to determine distances and space 
densities unresolved multiple systems appear nearer and redder. This 
affect s the measured dis k scale height as a function of stellar spectral 
type (jKroupa et al.lll993l ). Missed companions have a significant effect on 
the deduced shape of the IMF for m<l Mq (jKroupa et al.lll99ll . Il993 : 
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Malkov fc Zinneckeij 120011) but do not s ignificantly affect the shape of 
the stellar IMF for more massive stars (jMaiz Apellaniz fc Ubedal 12005 : 
Weidner et al]|2009t ). 



Stellar mass-luminosity relation (MLR, affects all star counts): Main sequence 
stars of precisely the same chemical composition, age and spins follow 
one perfect mass-luminosity relation. Its non-linearities map a feature- 
less stellar IMF to a structured LF but theoretical MLRs are not reliable 
( Kroupa et al. 1990l ). An ensemble of field stars do not follow one stellar 
mass- luminosity relation such that the non-li nearities in it that map to 

19931) . 



structure in the stellar LF are smeared out (|Kroupa et al 



Cor- 
recting for this bias will be required when analysing GAIA-space mission 
star-count data. Pre-main sequence st ars have a comp licated and time- 
varying mass- luminosity relation (Pisku nov et al.ll2004l ). 

Varying SFH (affects all star counts): Variations of the SFH of a population 
under study over a characteristic time-scale leads to structure in the de- 
duced IMF at a mass-scale at which stars e volve on that ti me-scale, if the 
observer wrongly assumes a constant SFH ( Elmegreen fc Scalo 20061) . 



Stellar evolution (affects all star counts) : Present-day stellar luminosities must 
be transformed to initial stellar masses. This relies on stellar-evolution 



theory (|Scaldll986l) . 



Binary-stellar evolution (affects all star counts): Present-day stellar luminosi- 
ties must be transformed to initial stellar masses, but this may be wrong 
if the star is derived from an interacting binary. If important, then this 
only affects the massive-star IMF (F. Schneider and R. Izzard, private 
communication) . 

Pre-main sequence evolution (affects all populations with stars younger than a 
few 10* yr): In young star clusters the late-type stellar luminosities need 
to be corrected for the stars n ot yet being on the main sequence (e.g. 
Hillenbrand fc Carpenteill2000l ). Pre-main sequence evolution tracks are 



highl y uncertain for ages < 1 Myr (iTout et al.ll999H IWuchterl fc Tscharnuteii 
20031 ). Field star-co unt data contain an admixture of young stars which 
bias the star-counts ( Kroupa et al. 19931) . 



Differential reddening (affects embedded star clusters): Patchily distributed 
gas and dust affects mass estimation. Variable extinction necessitates the 
introduction of an extinction l imit which increases t he lower mass limit to 
which the survey is complete ( Andersen et al. 20091 ). 



Binning: Deriving the IMF power-law index from a binned set of data is prone 
to significant bias caused by the correlation between the assigned weights 
and the number of st ars per bin. Two solutions ha ve been proposed: 
variable-sized binning (jMaiz Apellaniz fc Ubedal 120051 ) and newly devel- 
oped (effectively) bias- free estimators for the exponent and the upper 
stellar mass limit ()Maschberger fc Kroupa 2009( ). 
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Crowding (affects star-counts in star clusters): A compact far-away star cluster 
can lead to crowding and superpositions of stars which affects the deter- 
mination of the IMF systematically (Mafz Apcllaniz 2008). 

Early and late star-cluster evolution (affects star-counts in star clusters): A 
large fraction of massive stars are ejected from the cluster core skewing the 



MF in the cluster downwar ds at the high-mass end (|Pflamm-Altenburg fc Kroupa 



12006 : Ba neriee et al.ll2012f) . When the residual gas is blown out of initially 
mass-segregated young clusters the y preferentially loose low-mass stars 
within a few Myr (|Marks et al ] l2008h . Old star clusters e volve through en 



ergy equipartition driven evaporat ion of low-mass stars f|Vesperini fc Heggi3 
1997t iBaumgardt fc MakinolboOSl) . 



2.2 Discretising an IMF: optimal sampling and the mmax- 
to-Meci relation 

In view of Sec. 11.41 and 11.51 it is clearly necessary to be able to set up and to 
test various hypothesis as to how a stellar population emanates from a star 
formation event. Two extreme hypotheses are: (1) The stars born together are 
always perfectly distributed according to the stellar IMF. (2) The stars born 
together represent a random draw of masses from the IMF. Here one method 
of perfectly distributing the stellar masses according to the form of the IMF 
is discussed. Sec. 12.31 describes how to generate a random population of stars 
highly efficiently. 

Note that throughout this text the relevant physical quantity of a population 
is taken to be its mass, and never the number of stars, N, which is not a physical 
quantity. 

It is useful to consider the concept of optimally sampling a distribution 
function. The problem to be addressed is that there is a mass reservoir, A/eci, 
which is to be distributed according to the IMF such that no gaps arise. 



Ansatz: Optimal Sampling: Given a pre-defined form of a continuous dis- 
tribution function, £,{m), of the variable m G [mL,TOu] (Note: m\j = mmax* is 
adopted here for brevity of notation) such that m2 > mi =^ C(mi) > ^(7712) > 
0, then the physical reservoir M^d is optimally distributed over ^(m) if the max- 
imum available range accessible to m is covered with the condition that a m 
occurs once above a certain limit mmax G [mL, my], " C(m) dm — 1. 



We define ^(m) = kp{m), where p(m) is the density distribution function of stel- 
lar masses. The last statement in the above Ansatz implies k = 1/ {J™^ p{m) dm) . 
Since the total mass in stars, A/» = k mp{m) dm, one obtains 

rm„^^„ m p(m) dm 
= . 

It thus follows immediately that m^ax > mmax =^ M,, > M^d and also mmax < 
mmax M* < Mcci- Thus, only mmax = mmax M* = Mcci- The concept 
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of optimal sampling appears to be naturally related to how M^d is divided up 
among the stars: the largest chunk goes to rrimax and the rest is divided up 
hierarchically among the lesser stars (see Open Question II on p. |48|) . 

The above ansatz can be extended to a discretised optimal distribution of 
stellar masses: Given the mass, Afcci, of the population the following sequence 
of individual stellar masses yields a distribution function which exactly follows 

CM, 

rui+i = / m({m)dm, mi^ < rrii+i < m^, mi = TOmax- (9) 

The normalisation and the most massive star in the sequence are set by the 
following two equations. 



1 = / ^{m)dm, (10) 

with 

/•Til max 

Mccl(mmax) - "T-niax = / m £_{m) dm (11) 

as the closing condition. These two equations need to be solved i teratively. An 



excel lent approximation is given by the following formula (eq. 10 in lPflamm-Altenburg et al 



20071 assuming mmax* = 150 M0): 




9.17 



log 



10 



o 



-0.38 



(12) 

Note that Eq. [TT] contains a correction term mmax: the mass. Mod, between 
mL and mmax does not include the star with mmax as this star lies between 
W max and mmax*- The semi- analy tical calculation of th e mmax — Med relation 
bv lKroupa fc Weidneil (|2003[) and IWeidner et al.l (j201Ct) is less accurate by not 



including the correction term mmax- The correction turns out to be insignifi- 
cant as both semi-analytical relations are next to identical (Fig. ^ and are a 
surprisingly good description of the observational data (Fig. [SJ. 

Eq. [5] defines, here for the first time, how to sample the IMF perfectly in 
the sense that the stellar masses are spaced ideally such that no gaps arise 
and the whole accessible range mL to mmax is fully filled with st ars. This is 
referred to as Optimal Sampling (see also eq. 8.2 in lAarsethll2003l for a related 
concept). The disadvantage of this method is that the target mass Med cannot 
be achieved exactly because it needs to be distributed into a discrete number of 
stars. The mass of the generated stellar population is Med to within ±mL (= 
miow ~ 0.07 Mq for most applications), because the integral (Eq.lH]) is integrated 
from mmax downwards@ Fig. [T] demonstrates how an IMF constructed using 



"The publicly available C programme Optimf allowing the generation of a stellar pop- 
ulation of mass Meci is available at http://www.astro.uni-bonn.de/en/download/software/ 
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Fi gure 1: Stellar IMF {^dM / dvii) vs. stellar mass [tti) for a Afeci — 149.97 cluster. 
The thin dashed line is the analytical canonical IMF (Eg. I55p . The thick histogramm 
is a population of individual stars generated according to Optimal Sampling (Eq.|9]), 
starting with mmax = 12 (Eg. I12p . The optimally sampled population contains 
322 stars. The mass-dependent bin width is chosen to ensure that ten stars are in 
each bin. The thin dashed histogramm is a population of stars chosen randomly from 
the IMF using the mass-generating function (Sec. 12. 3p with Meci = 150.22 Mq being 
reached without an upper limit (mmax = oo). This population contains 140 stars. The 
same bins are used as in the thick solid histogramm. Note how Optimal Sampling 
perfectly reproduces the IMF while random sampling shows deviations in the form 
of gaps. Which is closer to reality (remembering that observational data contain 
uncertainties that act as randomisation agents)? 
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random • 

^10 100 1000 10000 100000 1e+06 

Med / Mq 

Figure 2: The maximum stellar mass, rrimax, is plotted against the stellar mass of the 
population, Mod, for Optimal Sampling (short-dashed green line) and for randomly 
drawing a population of stars from the IMF (filled blue circles). For each sampling 
method 100 populations are generated per dex in Med. The canonical physical max- 
imum stellar mass, mmax* = 150 Mp, is assume d. The sem i- analy tical rrimax — Med 
relation from iKroupa fc WeidneJ l|2003l ) and .Weidner et al.l (|2010l ) (red solid curve) 
and the corrected version from Eq. [12] (green dashed curve) are nearly identical. Which 
is closer to reality, random or optimal sampling from the IMF? The small scatter in the 
observational rrimax — Med relation (Fig. [5]) and the small scatter in observationally de- 
rived IMF power-law indices around the Salpeter value (Fig. [271 Open Question III 
on P. I98P suggest that Optimal Sampling may be a more realistic approach to nature 
than purely random sampling. 



Optimal Sampling compares to one generated with random sampling from 
the IMF for a population with Mod = 150 M©. Fig. [5] and Fig. |31 respectively, 
show rrimax — -^eci and average stellar mass model data using both sampling 
techniques. 

Important Hint: Nature may be prefering Optimal Sampling. This is ev- 
ident from the quite tight observational m,nax — Afoci data (Fig. [5|) and from 
Open Question III (p. [Ml) and the Sociological Hypopthesis (p. IIOII) . 
Theoretical support that nature may not be playing dice comes from the emer- 
gence of the rrimax — M^ci relation in SPH and FLASH computations of star 
formation in turbulent molecular clouds (see the BVB Conjecture on p. 
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optimal 
random • 




1000 10000 

Med / Mq 



100000 1e+06 



Figure 3: The average stellar mass of stellar populations of mass Med generated 
with Optimal Sampling and random sampling from the IMF. Otherwise as Fig. [H 
Note the extreme random deviations from the canonical IMF if it is interpreted to be 
a probabilistic distribution function. 



2.3 Discretising an IMF: random sampling and the mass- 
generating function 

In order to randomly discretise a stellar population we need to be able to gen- 
erate stellar masses independently of each other. This can be done with con- 
straints (e.g. ensuring that the rrimax — Afeci relation is fulfilled by applying 
m < TOmax(A?eci), Or that stellar masses m < mmax* ~ 150 M0) or without 
constraints (mmax ~ 00). This is achieved via the mass generating function. 
A mass-generating function is a mapping from a uniformly distributed random 
variable X to the stellar mass which is distributed according to the IMF. Gener- 
atin g functions all ow efficient random discretisation of continuous distributions 
feee lKroupalbOOSi for more details). 



A generating function can be written in the following way. Assume the 
probability distribution function depends on the variable ^min < C ^ Cmax (in 
this case the stellar mass, m). Consider the probability, X{C,), of encountering 
a value for the variable in the range Cmin to 

^(0 = PiCVC, (13) 



with X(Cmin) = < X{C) < X(^inax) = 1, and p{Q is the probability distribu- 
tion function, or probability density, normalised such that the latter equal sign 
holds {X — 1). For the two-part power-law IMF the corresponding probability 
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density is 

= A:p,iTO-"S 0.07<m<0.5MQ 

P2(™) = fcp,2TO~"% 0.5 < m < TOmax, (14) 

where kpj are normalisation constants ensuring continuity at 0.5 Mq and 

Pi dm' + / p2dm' = l, (15) 

0.07 Af0 Jo.5Mq 

whereby Wmax may follow from the mass of the population, Mad- Defining 

Xi = pi{m')dm', (16) 

J 0.07 Mq 

it follows that 

/■m 

Xi{m) = pi{m')dm', if m < O.5M0, (17) 

Jo.OTMq 

or 

X2{m)=x[+ p2{m')dm', iim>0.5MQ. (18) 

Jq.5Mq 

The generating function for stellar masses follows by inverting the above two 
equations Xi{m). 

The procedure is then to choose a uniformly distributed random variate 
X e [0, 1] and to select the generating function m{Xi = X) if < X < X^, or 
m{X2 = X) ii X^ < ^ < 1- Stellar masses are generated until Med is reached 
to within some pre-set tolerance. This algorithm is readily generalised to any 
number of power-law segments (Eq. [SJ Sect. 19. ip . such as including a third seg- 
ment for brown dwarfs and allowing the IMF to be discontinuous near 0.07 Mq 
(Sec. 18. 4p . Such a form has been incorporated into Aarseth's iV-BODY4/6/7 
programmes. 

For a general £,{m) and if X(m) cannot be inverted stellar masses may be 
generated by constructing a table of X{m), m values, 

M(m)=/ m'^{m')dm', X(m) = (19) 

Jo.OTMq Mccl 

such that Ar(TOinax) = 1- For a random variate X the corresponding m is 
obtained by interpolating the table, whereby the X are distributed uniformly 
and the procedure is repeated until Med is reached to some pre-set tolerance. 

Another highly efficient method for generating stellar masses randomly from 
arbitrary distribution functions is discussed in Sec. 12.41 
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2.4 A practical numerical formulation of the IMF 

Assuming the stellar IMF to be a probability density distribution such that 
stellar masses can be generated randomly (Sec. 12. 3p from the IMF with (m < 
TOmax) or without (mmax = oo) Constraints remains a popular approach. The 
two-part description can be straightforwardly expanded to a multi-part power 
law. However, the direct implementation of this description requires multiple 
IF-statements. In the following a handy numerical formulation is presented for 
randomly generating stellar ma sses which replaces complicated IF-c onstructions 
by two straight- forward loops ( Pflamm- Altenburg Sz Kroupal 20061 ) . 



Historically, multi-power-law IMFs start indexing intervals and slopes at zero 
instead of one. For simplicity we here index n intervals from 1 up to n. We now 
consider an arbitrary IMF with n intervals fixed by the mass array [mg, . . . , nin] 
and the array of functions /i,. . . ,/n- On the i-th interval [mi_i,mi] the IMF 
is described by the function /i. The segment functions refer to the "linear" 
IMF, ^(m) — dN/dm, and not to the logarithmic IMF, ^l(™) = diV/dlog^Q m. 
At this point it is not required that the segment functions /i are scaled by a 
constant such that continuity is ensured on the interval boundaries. They only 
need to describe the functional form. 

For the case of a multi-power law these functions are 

/i(m) = m-"' . (20) 

The segme nt functions may also b e l og-normal distribu tions, as for example 
in the IMFs of iMiller fc Scalol (|l979[ ) or IChabrieil (|2003al ). but in general they 



can be arbitrary. 

We first define the two 8-mappings (0-closed and 8-open) 

:?o ' (21) 

e,[(x) = ( J , (22) 



and the function 



r[i](m) = Of ](m - TOi_i)e[ ](mi - to) . (23) 



The r[i](TO) function is unity on the interval [TOi_i,TOi] and zero otherwise. 
The complete IMF can now be conveniently formulated by 

n— 1 n 

CM = fc n ^("^ - ™j) E r[i]M Ci Mm) , (24) 
j=i i=i 

where fc is a normalisation constant and the array (Ci,. . . ,Cn) is to ensure con- 
tinuity at the interval boundaries. They are defined recursively by 

Ci = l , C,=C,_,ll-li^. (25) 
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For a given mass m the Fjij makes all summands zero except the one in which 
m lies. Only on the inner interval-boundaries do both adjoined intervals give 
the same contribution to the total value. The product over 

AW^{°f-° ,26) 

halves the value due to this double counting at the interval-boundaries. In 
the case of n equals one (one single power law), the empty product has, by 
convention, the value of unity. 

An arbitrary integral over the IMF is evaluated by 

b pb pa 

^(m) dm = / ^(m)dm— / ^(m) dm , (27) 

-/ mo rriQ 

where the primitive of the IMF is given by 

/ C(™) dm = f^^'^^ 0] [(o ~ rn-i) C\ / fi{iTi) dm 

mo mi_ 1 

n /-a 

+ r[i](a) Ci / /i(m) dm . 

i=i "''"i-i 

The expressions for the mass content, i.e. m ^(m), and its primitive are 
obtained by multiplying the above expressions in the integrals by m and one 
has to find the primitives of 'mfi{'m). 

Stars can now be diced from an IMF, ^(m), based on the above formulation 
and the concept of the generating function (Sect. 12. 3|) in the following way: A 
random number X is drawn from a uniform distribution and then transformed 
into a mass m. The mass segments transformed into the X-space are fixed by 
the array Ag,. . . ,A„ defined by 

/•mi 

X,^ ^(m) dm. (29) 



(28) 



If P{X) denotes the uniform distribution with P{X) = 1 between and An, 
both functions are related by 

/ £,{m') dm' = / P{X') dX' ^ X . (30) 

J niQ J 

If a given X lies between Ai_i and Ai the corresponding mass m lies in the i-th 
interval [mi_i,mi] and it follows, 

Xim) = Ai_i + kCi (Fi(m) - ^^i(mi_i)) , (31) 

or 

H^) = Fr' { ^^0^ + ^iK-i)) ■ (32) 
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where -Fi is a primitive of /i and ^ is the primitive's inverse mapping. The 
complete expression for the solution for m is given by 

m{x) ^ J2 ^r[ii^r' (^T^ + ^^iK-i)) 
11-1 

■Y[A{X- Ai) (33) 
j=i 

where \Ti are mappings which are unity between Ai_i and Ai and zero otherwise. 
Note that the primitives are determined except for an additive constant, but it 
is canceled out in the relevant expressions in Eq. [55] and ESI 
The most used segment function for the IMF is a power-law, 

/(m) = m-" . (34) 

The corresponding primitive and its inverse mapping is 

f Ti— " ^ 1 

F{m) =1 " , (35) 

l_ ln(m) a — 1 

and 

F-HX)=l , (36) 

[ exp(Ar) a — I 

The other segment function used is a log-normal distribution, i.e. a Gaussian 
distribution of the logarithmic mass, 

(/m — /rric))^ ' 



e(Mocexp(- ^"'\7-^^ ) , (37) 



where Im = logj^g''^- The corresponding segment function is 



with the primitive 



/to = — exp — , 38) 

TO V 2(7^ ' 



. , , ,. / Ira — Irrir , 

Fim) = J -a In 10 erf ) , (39) 



and the inverse of the primitive 

F-\X) = io^""f"'(\/*™)+''"= , (40) 
where erf and crf^^ are the Gaussian error function. 



erf (r) = / e-y' dy , 
Jo 



(41) 
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and its inverse, respectively. 

Several accurate numerical approximations of the Gaussian error function 
exist but approximations of its inverse are quite rare. One such handy numerical 
approximation of the Gaussian error function which allows an approximation 
of its invers e, too, h as been presented by Sergei WinitzkH based on a method 



explained in I Winitz ki (2003): 



The approximation of the error function for y > is 



4 



with 



erf(Y)« (l-exp(-y2^^) ) , (42) 



(43) 



37r 4 — TT 

Values for negative Y can be calculated with 

erf(r) = -erf(-r) . (44) 
The approximation for the inverse of the error function follows directly. 




erf-\r)« I -— ^ ^ +./( _lin(l-y2) 



TTfl 2 J a 



(45) 



Important result: The above algorithm for dicing stars from an IMF sup- 
porting power-law and log-normal segment functions has been coded in the 
publicly available software package libimf available at 



http://www.astro.uni-bonn.de/download/software/| 



2.5 Statistical treatment of the data 

Whichever is a better description of nature, optimal or random sampling from 
the IMF, a set of observationally derived stellar masses will appear randomised 
because of uncorrelated measurement uncertainties. Statistical tools arc there- 
fore required to help analyse the observed set of masses in the context of their 
possible parent distribution function and upper limit. 

We concentrate here in particular on analysing the high-mass end of the 
IMF, which follows a power-law probability density. Estimating the exponent 
via binning ( using constant-size bins in loga rithmic space) can introduce sig- 
nificant bias ( Maiz Apellaniz fc Ubeda 2005: .Maschberger fc Kroupa 20091) . es- 



pecially for meager data sets. This can be re niedied by using bins containin g 
approximately the same number of data points ( Maiz Apellaniz fc Ubedall2005f l. 



However, binning does not allow one to estimate the upper limit of the mass 
function. A more suitable approach to estimate both exponent and upper limit 



^ homepages. physik.uni-muenchen.de/~"Winitzki/crf-approx.pdf 
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Figure 4: SPP plot of the massive sta rs in R136 using a power law truncated at 143 
Mg (from iMaschbereer fc Kroupal l2009l ) . The data are following this hypothesis and 
lie along the diagonal within the 95% acceptance region of the stabilised Kolmogorov- 
Smirnov test (limited by dashed lines). An infinite power law as the parent distribution 
function, the dotted line bending away from the diagonal, can be ruled out. The stellar 
MF in R136 is thus a power-law with index a = 2.2 truncated at 143 Mq 



simultaneously is to use the maximum likelihood method. The estimate there is 
given just by the largest data point, and is consequently also naturally biased to 
too small values. iMaschberger fc Kroupal ( |2009) give a correction factor which 
leads to unbiased results for the upper limit. 

Besides biases due to the statistical method observational limitations can also 
introduce biases in the exponent. The infl uence of unresolved binaries for the 
high- mass IMF slope is less than ±0.1 dex ( Mafz Apellani ^2008 : Weidner et al. 
12009*). Ran dom sup erpositions, in contrast, can cause significant biases, as found 
by iMaiz Apellaniz (l2008il. Differential redden ing can affect the deduced shape 
of the IMF significantly ( Andersen et al. 20091 ). A further point in data analysis 
besides the estimation of the parameters is to validate the assumed power-law 
form for the IMF, and in particular to decide whether e.g. a universal upper 
limit {rrijnax* — ISOA/q) is in agreement with the data. 

For this purpose standard statistical tests, as e.g. the Kolmogorov-Smirnov 

test, can be utilised, but their deciding powers are not very hig h. They can be 

signif icantly improved by making a stabilising transformation, S ([Maschberger fc Kroupa 
20091) . A graphical goodness-of-fit assessment can then be made using the sta- 
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bilised probability-probability (SPP) plot, e.g. Fig. 21 This plot has been con- 
structed using a truncated power law {rrimax* = 143Mq), and is aimed to help 
to decide whether a truncated or an infinite power law fits the stellar masses 



of the 29 most massive stars in R136 (masses taken from iMassev fc Hunter 



19981 using the isochrones of Chlebowski fc Garmanv 1991 ). The points are 



constructed from the ordered sample of the masses, with the value of the sta- 
bilised cumulative probability, 5(P(m(j))) as x coordinate (using the estimated 
parameters) and the stabilised empirical cumulative probability, 5'( ^~°'^ ), as the 
y coordinate. The data follow the null hypothesis of a truncated power law and 
lie therefore along the diagonal. The null hypothesis would be challenged sig- 
nificantly if the data would leave the region enclosed by the dashed parallels to 
the diagonal, which is the 95% acceptance region of the stabilised Kolmogorov- 
Smirnov test. An alternative hypothesis of an infinite power law (with the same 
exponent) is shown as the dotted line which strongly bends away from the di- 
agonal and is in significant disagreement with the data. Plots like Fig. 0] can be 
constructed for any combination of null hypothesis and alternative hypothesis 
and have great potential to improve the statistical analysis of the upper mass 
end of the IMF. 



Important result: A program to estimate the parameter of power-law dis- 
tributed data and to calculate goodness-of-fit tests for them is available in the 
publicly available software package statpl available at 
http:/ /www. astro. uni-bonn.de/download/software/ 



2.6 Binary systems 

In order to infer the stellar IMF it is necessary to account for all stars in the 
population, including the companions of multiple systems. Indeed, the vast 
majority of stars are observed to form in multiple systems. However, since 
dynamically not evolved star-forming regions of an age around about 1 Myr such 
as the Taurus-Auriga sub-clusters have a high multiplicity fraction of nearly 
100 per cent, this immediately implies that most stars by far must form as 
binaries. This is because if they were to form as triple or higher-order systems, 
then they would decay on their system crossing time-scale which is far shorter 
than 1 Myr leading, b y 0.5-1 Myr, to a s ubstanti al population of sin gle stars 
which is not observed ( Goodwin fc Kroupa 2005; Goodwin et al. 20071 ). 



The IMF appearing largely invariant to star-formation conditions (but see 
Sec. 112. 9|) constitutes a statistical statement on one of the birth dynamical 
properties of stars (namely their distribution of masses). So, since both the 
IMF and the birth binary population (BBP) are the result of the same (star- 
formation) process, and since the IMF is a result of this process "one level 
deeper down" than the BBP, it is quite natural to suggest that the formal 
mathematical distribution function of all of the birth dynamical properties (see 
Footnote [3] on p. [H)) of stars are also quite invariant. It follows that the star- 
formation outcome in terms of stellar masses (the IMF) and multiple systems 
(the birth binary population - BBP) can be formulated by the Star Formation 



37 



2 SOME ESSENTIALS 
2.6 Binary systems 



Universality Hypothesis. 



The Star-Formation Universality Hypothesis: 

IMF universality <;=4> BBP universality. 



For stars with to < 5 Mq the Birth Binary Population is deduced from an 
elaborate analysis: 



The birth binary population (BBP): 

• random pairing from the canonical IMF (Eq. [55)) for 0.1 ^ to/M© ^ 5; 

• thermal eccentricity distribution of eccentricities, /e(e) = 2e; 

• the period distribution function 

IP — IP ■ 

JP.birth = V ; -2, (46) 

' 5 + (/P - ;Pmin)' 

where rj = 2.5, 6 = 45, IPmin = 1 and //^'"'"' fp,birth dlP = 1 such that the 
birth binary fraction is unity (ZPmax = 8.43; IP = log^pP and P is in days). 
Here fe de and fp dlP are the fraction of all orbits with eccentricity in the 
range e, e + de and log-period in the range IP,IP + dlP, respectively. Note 
that conversion between P and the semi-major axis is convenient through 
Kepler's third law: a? /P^^ = toi + m2, where a is in AU, Pyr = P/365.25 
is the period in years and mi,TO2 are the primary- and secondary-star 
masses in Mq. 



The following are to be noted: 

(I) The BBP was derived by using observations of pre-main sequence and 
main-sequence bin ary populations as initial and final boundary condi- 
tions, respectively. Kroupal (1995a) postulated that there exist two stellar- 



dynamical operators, VLp and f2^, which independently transform the 
period- and mass-ratio distribution functions (that are independent prod- 
ucts of the star-formation process for the majority of binaries) between 
the initial and final states. It is possible to demonstrate that both Vlp and 
f2g exist. Furthermore they are equal and are given by a characteristic 
star-cluster cons isting of 200 b i nary systems with a characteristic radius 



of about 0.8 pc (|Kroupalll99"55 iMarks et al.ll201l[ ) 



Vtp ^nq = VL^ (200 binaries, Pch ~ 0.8 pc). (47) 



Important result: The interpretation of this result is that the BBP is, like 
the IMF, a fundamental outcome of star formation and that most stars in the 
MW disk stem from star-formation events that are dynamically equivalent to 
the characteristic, or dominant-mode, cluster. 
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(II) The deduced maximum binary period in the BBP of 10^'^^ d corresponds to 
a spatial sc ale of » 10"^ AU w hich is the typical dimension of a pre-stellar 
l2005l) . 



cloud core ( Kirk et al 



(III) The evolved BBP, which matches the Galactic field stellar and binary 
population, also accounts simultaneously for the individual-star and the 
system LPs fPig. [T5]). 



The BBP is the deduced ( Kroupa 1995al lc) outcome of star formation in low to 
intermediate density {p ^ 10^ Mq / pc^) cloud regions (e.g. embedded clusters) 
but the rules layed out in Eq. HHl niay well be formally applicable to higher 
density regions as well, whereby wide binaries are naturally truncated due to 
close-packing. 



Important result: In this sense the BBP is a formal mathematical description 
of the outcome of star formation. Just like the formal stellar IMF (Eq. [55|) it may 
never be accessible to observations (the IMF Unmeasurability Theorem, 
p. [25)1 . But, just like the stellar IMF it is extractable from the observations. 



The binary fraction 



/ = 



bin 



(48) 



sing 



where iVbin,A'sing are the number of binary- and single-stellar systems in the 
survey, respectively, is high (/bin > 0.8) in dynamically unevolved populations, 
whereas /bin ~ 0.5 for typically open clusters and the Galactic field as fol- 
lows from applying J7 o n the BBP (i.e . by performing TV -body integrations of 
dissolving star clusters, lKroupallT995bt iMarks et alj I I2OIII) . 

Note that the BBP needs to be transformed to the initial bina ry population 
by the process of pre-main sequence eigenevolution ( Kroupall995dl ). which intro- 
duces the observed correlations between mass-ratio, eccentricity and period for 
short-period binaries, while the dynamically evolved initial binary population 
yields the observed mas s-ratio and period distribution functions with / « 0.5 
(|Marks fc Kroupall201ll ). 

For m ^ 5 Mq stars the pairing rules change perhaps refiecting the outcome 
of star formation in dense regions such as in the cores of embedded clusters 
(p^lO^ M(d/v>c^). Using a l arge sample of you ng clusters (for a review see 
Sana fc Evans! I20 id . and also ISana et al.l l2011a( ) it is found that at least 45- 
55 per cent of O stars are spectroscopic binaries: The mass-ratios for these are 
larger in comparison with the late-type stars above: massive binaries have a 
flat mass-ratio distribution and 0.2 < q < 1. These systems have short periods, 
typically less than about 10 d, but extend fr om 0.3 d to 10^ - ^ d. T he measured 
distribution function is provided by eq. 5.2 in ISana fc Eva^ (l2010l). The overall 
binar y fraction among O stars is at least 85 per cent ( Garcia fc MermilliodI 
l200l[) as the spectroscopic fraction i s augmented by w ider visual binaries with 
separation s between 40 and 2 00 AU (jSana et al.ll2011bl ). The vast spectroscopic 
survey by IChini et al.l (|2012l ) of about 800 O and B-type stars affirms such 
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results and establishes, even for runaway stars, the very high binary fraction 
and q about 1 pairing. 

This leads to the following question: 



Open Question L Why do the differing BBP properties between 0.1 M© and 
a few Mq on the one hand side, and above a few Mq on the other hand side not 
correspond to the structure evident in the IMF, which is a featureless power-law 
above about 0.5 Af© with a flattening below this mass? (Sec. 19. ip . 



Below about 0.1 M© very low mass stars and brown dwarfs, with /bin,BD ~ 
0.15 ~ 0.2, follow entirely separate rules (Sec. 18. ip being an accompanying but 
distinct population to stars. 

It has so far not been possible to predict nor to fully understand the distribu- 
tion of binary-star birth properties from theory. The currently most advanced 
self-consistent gravo-hydrodynam ical simulation withou t feedback of star for- 
mation using the SPH technique ( Moeckel fc Bate 2010t ) leads to too compact 



clusters of about a 1000 stars and brown dwarfs from which a binary popula- 
tion emerges which does not quite have the observed distribution of periods and 
mass ratios. However, this may be due to the currently unavoidable omission 
of feedback which would limit the depth of the g ravitational collapse perhaps 



alleviating the binary-star problem (|Kroupall201l[ ). 



3 The Maximum Stellar Mass 

While the stellar IMF appears to have a universal two-part power-law form 
(Eq. [55] below), the existence of a physical truncation mass as a function of 
embedded star cluster mass would suggest a form of IMF variation (Sec. 112. T|) . 
Here the evidence for such a truncation is presented. 



3.1 On the existence of a maximum stellar mass: 

The empirically determined range of stellar masses poses important constraints 
on the physics of stellar formation, structure and stellar evolution, as well as 
on the feedback energy injected into a galaxy's atmosphere by a population 
of brand-new stars. The physical limit at low masses is now well established 
(Sec. E]), and an upper mass limit appears to have been found recently. 

A the oretical physical li mitation to stellar masses has been known since many 
decades. lEddingtonl ( 19261 ) calculated the limit which is required to balance ra- 



diation pressure and gravity, the iJrfrfm^ton /imii: L-Edd/LQ « 3.5 X 10 to/M©. 
Hydrostatic equilibrium will fail if a star of a certain mass m has a luminos- 
ity that exceeds this limit, which is the case for m^GOM©. It is not clear 
if stars above this limit cannot exist, as massive stars are not fully radiative 
but have convective cores. B ut more massive stars will loo se material rapidly 
due to strong stellar winds. ISchwarzschild fc Harm ()l959l) inferred a limit of 
~ 60 Mq beyond which stars should be destr oyed due to pulsations. But later 
studies suggested that these may be damped ( Beech fc Mitalad 1994 ). StothersI 
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(1992) showed that the limit increases to Wmax* w 120 — 150 for more re- 
cent Rogers-Iglesia opacities and for metallicities [Fe/H]w 0. For [Fe/H]sa — 1, 
Wmax* ~ 90 Mq. a larger physical mass limit at higher metallicity comes about 
because the stellar core is more compact, the pulsations driven by the core hav- 
ing a smaller amplitude, and because the opacities near the stellar boundary can 
change by larger factors than for more metal-poor stars during the heating and 
cooling phases of the pulsations thus damping the oscillations. Larger physical 
mass limits are thus allowed to reach pulsational instability. 

Related to the pulsational instability limit is the problem that radiation 
pressure also opposes accretion for proto-stars that are shining above the Ed- 
dington luminosity. Therefore the question remains how stars more massive 
than 60 Mq may be formed. Stellar formation models lead to a ma ss limit near 
40—100 Mf7i imposed by f eedback on a spherical accretion envelope (|Kahnlll974 ; 
Wolfire fc Cassinellilll987h . Some observations s uggest that stars m ay be accret- 



ing material in disks and not in spheres (e.g. IChini et al.l 120041 ). The higher 
density of the disk-material may be able to overcome the radiation at the equa- 
tor of the proto-star. But it is unclear if the accretion-rate can be boosted above 
the mass-loss rate from stellar winds by this mechanism. Theoretical work on 
the formation of massive stars through disk-accretion with hig h accretion rates 
there by allowing thermal radiation to escape pole-wards (e.g. Jijina fc Adamd 
Il996^ indeed lessen the problem and allow stars with larger masses to form. 

Another solution proposed is the merging scenario. In this case massive stars 
form through the merging of intermediate-mass proto-stars in the cores of dense 
stellar clusters driven by core-contraction due to very rapid accretion of gas with 
low specific angular momentum, thus again avoiding the th eoretical feedback- 
induced mass l imit ("Bo nnell et al. 1998 : Stabler et al. 2000l and the review by 



Zinnecker fc Yo rkc 2007,). It is unclear though if the very large central densities 



required for this process to act are achieved in reality, but it should be kept 
in mind that an observable young cluster is, by necessity, exposed from its 
natal cloud and is therefore likely to be always observed in an expanding phase 
such that the true maximally re ached central density may be very high for 
mass i ve clusters, » IO^Mq/pc'^ ( Dabringhausen et al. 2010l : Marks fc Kroupa 
2010HConrovll201l[) . 



The search for a possible maximal stellar mass can only be performed in 
massive, star-burst clusters that contain sufficiently many stars to sample the 
stellar IMF beyond 100 M©. Observationally, the existence of a finite physical 
stellar mass limit was not evident until very recently. Indeed, observations in 
the 1980's of R136 in the Large Magellanic Cloud (LMC) sugg ested this object 



to be one single star with a mass of about 2000 — 3000 Mq. IWeigelt fc Baier 
( 19851 ) for the first time resolved the object into eight components using digital 
speckle interferometry, therewith proving that R136 is a massive star cluster 
rather than one single super-massive star. The evidence for any physical upper 
mass limit was very uncertain, and lElmegreenl (|l997l ) stated that "observa- 
tional data on an upper mass cutoff are scarce, and it is not included in our 
models [of the IMF from r andom sampling in a turbulent fractal cloud]". Al- 
though iMassev fc Hunteii (|l998r ) found stars in R136 with masses ranging up 
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to 140 — 155 Mq, iMassevI ([20031) explained that the observed limitation is sta- 
tistical rather than physic al. We refer to this as the Massey assertion, i.e. that 
rrimax* = 00. Meanwhile, Selman et al.l (|T999) found, from their observations, 
a probable upper mass limit in the LMC near about 13 Mq, but th ey did not 
evaluate the statistical significance of this suggestion. iFiger discussed 
the apparent cut-off of the stellar mass-spectrum near 150 in the Arches 
cluster near the Galactic centre, but a gain did not attach a statistical analysis 
of the significance of this observation. lElmegreen (l2000h also noted that ran- 
dom sampling from an unlimited IMF for all star-forming regions in the Milky 
Way (MW) would lead to the prediction of stars with masses ^ 1000 Mq, unless 
there is a rapid turn-down in the IMF beyond several hundred Mq. However, he 
also stated that no upper mass limit to star formation has ever been observed, 
a view also emphasised bv lLarsonI (|2003l ). 

Thus, while theory clearly expected a physical stellar upper mass limit, the 
observational evidence in support of this was very unclear. This, however, 
changed in 2004. 



Fe/Hjft! -0.5 dex dde Boer et al.l ll985h. From the radial surface 
Selman et al. ( 19991 ) estimated there to be 1350 stars with masses 



3.2 The upper physical stellar mass limit 

Given the observed sharp drop-off of the IMF in R136 near 1 50 M(t,. i.e. that the 
R136 stellar population is observed to be saturated (p.|45l), Weidner fc Kroupal 
( 2004f l studi ed the above Massey a ssertion in some detail. R136 has an age 
< 2.5 Myr ( Massev fc Hunter 1998f l which is young enough such that stellar 
evolution will not have removed stars through super nova explosions. It has a 
metallicity of 
density profile 

between 10 and 40 Mq within 20 pc of the 30 Dora dus region, wit h in the centre 
of which lies R136. iMassev fc Hunteil (|l998l ) and ISelman et all ^bM) found 
that the IMF can be well-approximated by a Salpeter power-law with exponent 
a = 2.35 for stars in the mass range 3 to 120 Mq (see also Fig. 2]). This 
corresponds to 8000 stars with a total mass of 0.68 x 10^ Mq. Extrapolating 
down to 0.1 Mq the cluster would contain 8 x 10^ stars with a total mass of 2.8 x 
10^ Mq. Using a canonical IMF with a slope of a = 1.3 (instead of the Salpeter 
value of 2.35) between 0.1 and 0.5 Mq this would change to 3.4 x 10^ stars 
with a combined mass of 2 x 10^ Mq, for an average mas s of 0.61 Mq over th e 
mass range 0.1 — 120 Mq . Based on the observations bv ISelman et al. I (Il999h . 
Weidner fc Kroup"al (2004) assumed that R136 has a mass in the range 5 x 10'^ < 
Mri36/Mq < 2.5 X lO'^. Using the canonical stellar IMF (Eq. [55] below) , They 
found that 7V(> 150 M©) = 40 stars are missing if Med = 2.5 x 10^ Mq, while 
iV(> 150 Mq) = 10 stars are missing if Mod = 5 x 10"^ Mq. The probability 
that no stars are observed although 10 are expected, assuming Wmax* = oo, is 
P = 4.5 X 10~^. Thus the observations of the massive stellar content of R136 
suggest a physical stellar mass limit near mmax* = 150 Mq. 

A re-analysis of the stellar spec tra plus new stellar m odellin g suggests how- 



ever rUr, 



300 Mq for R136 (jCrowther et al.ll2010l ). But iBaneriee et al 



( 2012f ) demonstrate that m > 150 Mq stars from readily from merging binaries 
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in star-burst clusters. Their high-precision Aarseth-A'^-body models of binary- 
rich initially mass-segregated R136-type clusters demonstrate that stars much 
more massive than the rrimax* = 150 Mq limit appear from massive binaries 
that merge after becoming eccentric and hard through a stellar-dynamical en- 
counter near the cluster core. Such binaries may be ejected from the cluster 
before merging thus appearing to an observer as free-floating single stars of 
mass up to 300 Mq. The fundamental upper mass limit may thus nevertheless 

be TOmax* ~ 150 Mq. 

Results similar to those of Weidner fc Kroupa (2004) were obtained bv lPigei 
(|200 5) for the Arches cluster. The Arches is a star-burst cluster within 25 pc 
in projected distan ce from the Galactic centre. It ha s a mass M k, \ x 1 0^ Mq 
(jBosch et al.ll200ll) . age 2 - 2.5 Myr and [Fe/H]« (jNaiarro et al.ll2004l) . It is 
thus a counterpart to R136 in that the Arches is metal rich and was born in 
a very different tida l environment to R136. Using h is HST observations of the 
Arches. iFigeii (|2005h performed the same analysis as lWeidner fc Kroupal (j2004l ) 
did for R136. The Arches appears to be d ynamically evolved, with su bstantial 
stellar loss through the strong tidal forces (jPortegies Zwart et al.ll2002l ) and the 
stellar mass function with a = 1.9 is thus flatter than the Salpeter IMF. Using 
his updated IMF measurement, Figer calculated the expected number of stars 
above 150 to be 33, while a Salpeter IMF would predict there to be 18 
stars. Observing no stars but expecting to see 18 has a probability of P = 10~^, 
again strongly suggesting Wmax* ~ 150 Mq. The Arches cluster is thus another 
example of a saturated stellar population. 

Given the importance of knowin g if a finite physical u pper mass limit exists 
and how it varies with metallicity, ' Oev fc Clarkj (|2005 ^ studied the massive- 
star content in 9 clusters and OB associations in the MW, the LMC and the 
SMC. They predicted the expected masses of the most massive stars in these 
clusters for different upper mass limits (120, 150, 200, 1000 and 10000 Mq). For 
all populations they found that the observed number of massive stars supports 
with high statistical significance the_ existence of a general upper mass cutoff in 
the range TOmax* € (120, 200 A/q) 



10 



The general indication thus is that a physical stellar mass limit near 150 Mq 
seems to exist. While biases due to unresolved multiples that may reduce the 
true maximal mass need to be studied further, the absence of variations of 
'Timax* with mctallicity poses a problem. A constant rTimax* would only be 
apparent for a true variation as proposed by the theoretical models, if metal- 
poor environments have a larger stellar multiplicity, the effects of which would 
have to compensate the true increase of mmax* with metallicity. Interestingly, in 
a recent hydrodynamical calculation iMachida et al.. (20j]9) find a higher binary 
fraction for low metallicities. 



^'^More recent work on the p hysical upper mass limit can be found in iKoenI l|2006l ): 
iMai'z Apellaniz et al.l ||2007| . l200d) . 
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3.3 The maximal stellar mass in a cluster, optimal sam- 
pling and saturated populations 

Above we have seen that there seems to exist a universal physical stellar mass 
limit, rrimax*- However, an elementary argument suggests that star-clusters must 
additionally limit the masses of their constituent stars: A pre-star-cluster gas 
core with a mass Mcoro can, obviously, not for m stars with in asses m > e Afcorc, 
where e « 0.33 is the star- formation efficiency ( Lada fc Ladall2003. ) . Thus, given 



a freshly hatched cluster with stellar mass Med, stars in that cluster cannot 
surpass masses mmax — M^ci, which is the identity relation corresponding to 
a "cluster" consisting of one massive star. Note that if we were to construct 
a (unphysical) model in which N stars are stochastically chosen from the IMF 
then such a constraint would not appear. 



3.3.1 Theory 

As discussed bv lSmith et al. I (l2009l) there are two main theories of massive star 
formation: The First Theory is essentially a scaled up version of low- mass star 
formation, where massive stars form from well-defined massive cores supported 
by turbulence. This model requires the existence of massive pre-stellar cores that 
manage to evade fragmentation during the ir formation stages. Perhaps radiative 
feedback can limit the fragmentation, but ISmith et al. I (l2009l) demonstrate that 
radiative feedback does not lead to the formation of massive pre-stellar cores in 
isolation. 

The Second Theory is based on the competitive accretion scenario or on 
a refined version thereof, the fragmentation limited starvation model. Cores are 
the seeds of the formation of stars and the most massive of these have a larger 
gravitational radius of influence and are therewith more successful at accreting 
additional mass. They can thus grow into massive stars. The massive seeds 
typically tend to form and stay at the centre of the gravitational potential of 
the forming star cluster which they contribute to because the gas densities and 
thus the accretion rates are largest there. They accrete material via Bondi-Hoyle 
accretion, but when the velocity relative to the system is low the accretion is 
mainly regulated by the tidal field. There is no requirement for stellar mergers, 
which, however can occur in dense regions (Eq. I60p and contribute to the build- 
up of the IMF. 

The first theory would imply that the formation of massive stars can occur 
in isolation, i.e. without an accompanying star cluster. The existing data on 
the spatial distribution of massive stars do, however, not support this possibil- 
ity (Sec. [4]). The second theory requir es massive s t ars to be associated with 
star clusters. This is demonstrated by Smith et al. ( 20091 ) using SPH simula- 
tions of a gas cloud with a changing equation of state as a result of the cooling 
process shifting from line emission to dust emission with increa sing density. 



and with rad iative heating as a model of the feedback process. iPeters et al 
( 20ldl2011bh study this issue independently with three-dimensional, radiation- 
hydrodynamical simulations that include heating by ionizing and non-ionizing 
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radiation using the adaptive-mesh code FLASH and verify that massive star 
formation is associated with low-mass star formation as fragmentation cannot 
be suppressed, even including radiative feedback. S impler isothermal SPH com- 
pu tations without feedback by Bonnell et al. ( 2004 ) and the FLASH simulations 



by IPeters et al. ( 20ld . 2011b ) show that the most massive star in the forming 



cluster evolves with time, t, according to the following relation 

mn,ax(i) =0.39Meci(i)'/^ (49) 

The general form of the observed IMF (Eq. [55]) is also obtained. This is there- 
fore a prediction of the second theory whereby it is important to note that 
Eq. |49] is a result of purely gravitationally driven star forma tion ca lculations 
with and without feedback. Interestingly, jPeters et al.l fediol 1201 Ibl) conclude 



that computations with feedback lead to a closer agreement with the observed 
^TT-max — Afoci data. The following result emerges: 



The Bonnell- Vine-Bate (BVB) Conjecture: "Thus an individual cluster 
grows in numbers of stars as the most massive star increases in mass. This results 
in a direct correlation . . . , and provide s a physical alternative to a probabilistic 



sampling from an IMF" (|Bonnell et al . 2004). 



Main Result: The self-consistent gravo-hydrodynamical simulations of star 
formation thus yield the result that the growth of the most massive star is 
intimately connected with the growth of its hosting cluster, thereby populating 
the steUar IMF. 



How does nature arrange the mass of the star-forming material over the emerg- 
ing stellar masses? That massive stars can form in isolation can be discarded 
statistically (Sec. HI . But how regulated, or rather deterministic is the formation 
of massive stars and their star clusters? 

Here it is useful to return to the concept of Optimal Sampling (Sec. 12. 2^ : 
if nature distributes the available mass A/cci optimally over the IMF then the 
'7^max — Mcc\ relation emerges. It is plotted in Fig. [5] as the thick-solid curves 
for two values of Wmax* • 

For a given Med the observationally derived mmax values show a spread 
rather than one value: Can stars with masses larger than the optimal mmax, 
or even with masses beyond the canonical upper mass limit of rrimax*, occur? 
In discussing these issues it proves useful to define the concept of a saturated 
population: 



Definitions: 

Saturated Population: A population for which mmax — "i-max* and 
Im ?('^) "^"^ — 1- Only a simple population can be saturated. 
Un-Saturated Population: A population for which mmax < n^max*- 
Super-Saturated Population: a simple population containing super- 
canonical (m > mmax*) stars. 



Thus, a simple stellar population is saturated if its most-massive star has the 
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Figure 5: The mm ax — -Mod relation. The black solid dots are observed clusters 
( Weidner et al.ll201Cll ). with newly compiled data being shown as blue solid dots. 
The data are compiled subject to an age constraint (no cluster older than 4 Myr 
is accepted) and to the constraint that the cluster still be embedded. The open 
circles are the most-massive star vs cluster mass in 14 young stellar groups in 
Taurus, Lu pus3, Chal, and IC348 dKirk fc Myers 2011 ). These are dynamically 
unevolvcd (iKroupa Sz Bouvieil l2003b ) and can be taken to represent pristine 
configurations. The lower (red) thick solid line is Eq. [T2]with rrimax* — 150 
and the blue thick solid line is the same but for m„iax* — 300 A^q. The thin 
solid line shows the identity relation, where a "cluster" consists only of one 
star. Assuming unconstrained random picking from the canonical IMF with 
rumax* — 150 Mq, l/6th of all models would lie below the lower (green) dashed 
curve, while 5/6th would lie below the upper (green) dashed curve, that is, 2/3rd 
of all data ought to lie between the dashed curves. The median, below which 
would lie 50 per cent of all data for random sampling from the IMF, is plotted 
as the thick (green) solid curve. Significant deviations from random sampling 
from the stellar IMF are evident in that the scatter of the observational data is 
smaller and the median lies below the random-sampling median. The theoretical 
prediction (Eq. follows nearly precisely the solid lines for Mod < lO'' Mq. 
Note also that the horizontal axis corresponds to a density. For example, if all 
clusters form with a half-mass radius of 0.5 pc, then the density scale becomes 
logioP* =logio-Moci/M0 -I- 0.28, where is in units of Mq/pc^. Thus, stars 
more massive than 10 appear only^when pgas > lO^Mo/pc'^ for a star- 
formation efficiency of 33 per cent. Note that the clusters saturate (p. |45|) for 

Mccl > W^Mr.,. 
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physically allowed maximum mass (e.g. R136 and Arches). An un-saturated 
population is a simple population in which mmax does not reach Wmax* (e.g. 
p Oph and ONC). The star- burst cluster R136 is associated with super-canonical 
stars ( Crowther et al. 2010l ) and is therefore a super- saturated population This 



occurs naturally through merged massive binaries ([Baneriee et al.l 120121). In- 



deed, as an example that such stars are known to exist is discussed bv lVanbeveren 
(1201 ll) . 



3.3.2 Observational data 

A compilation of clusters only subject to a constraint in age and gas content 
(to ensure youth and dynamical virginity) for which the cluster mass and the 
initial mass of the heaviest star can be estimated observationally demonstrates 
that there exists a strong correlation between the embedded-cluster mass and 
the most massive stellar mass within it. The observational data are plotted in 

Fig. El 

By performing statistical tests Weidner k. Kroupa ( 2006[ ) and Weidner et al 



( 20101 ) show with very high confidence that the observational data are not con- 



sistent with the most-massive star being randomly drawn from the IMlF^. In 
addition, if the process of star formation were equivalent to pure random sam- 
pling of stars from the IMF then this would predict the existence of star clusters 
dominated by O star s or even the formation of massive stars in isolation (e.g. 
Haas fc Anders! [2O10h . But this hypothesis is ruled out with high confidence 



because the theoretically expected fraction of massive stars that ought to appear 
to be isolated (1-4 per cent) although they were formed in clusters is already 
larger than the observed fraction of candidate isolated massive stars (see Sec. 14]). 

The newest additions of observational data enhance the empirical evidence 
for the existence of a p hysical Wmax— - ^eci re lation, even at masses Med ~ 15 Mq: 
The low-mass data bv lKirk fc Mverd (|201l[ ) show a remarkably small spread im- 



plying that even the lowest-mass "clusters" limit the mass of their most massive 
star in a non-trivial way. Indeed, the distribution of all data shows that ran- 
dom sampling from the IMF is ruled out since the spread is smaller than the 
expected spread given the l/6th and 5/6th quantiles. The data in Fig. [S]also 
show that for Med ~ 10^ Mq the semi-analytical model (Eq. [T2)) is an excellent 
description. At larger cluster masses this model is a fairly good description as 
well although some systematic deviation is evident. 

It thus appears that the process of star formation ends up close to optimally 



"A study by iMaschbereer fc Clarkd ||2008| ') of the most-massive-star data in young star 
clusters concluded that "the data are not indicating any striking deviation from the expec- 
tations of random drawing" . This statement has been frequently misinterpreted that other 
sampling mechanisms are ruled out. However, the Maschberger & Clarke analysis focusses on 
low-mass clusters were the data were insufficient to decide whether star clusters are populated 
purely randomly from an IMF with constant upper mass limit or for example in a sorted 
fashio n. The differences appear cl early at higher cluster mass es , not included in their analysis 
but in IWeidner fc Kroupal | |2006|) and IWeidner et al.l | |201C|) . iMaschberger fc ClarkS ll2008h 
adapt their data set according to the requested result and so their study does not constitute 
an acceptable scientific standard. 
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sampling the IMF, and that it does not correspond to purely randomly gener- 
ating stars from the IMF in support of the BVB Conjecture (p. |45]). But 
why? 

Open Question II: Why is it that the star formation process samples the IMF 
close to if not optimally? 



3.3.3 Interpretation 

The observational data suggest that the dominant physical process responsible 
for the TOniax ~ Mcci relation is a competitive resource-limited growth process. 
This would be natural since the proto-stars begin as a distribution of low-mass 
seed masses and accrete at various rates thereby depleting the surrounding in- 
terstellar medium, as is in fact evident in self-consistent gravo-hydrodynamical 
simulations of star formation with and without feedback as discussed above. 

For Mod > 10^'^ AIq the small spread persists in the observational data, 
but the data fall below the semi-analytical model (Eq. [12]). This may hint 
at additional processes becoming important perhaps related to the ability for 
m^lO Mq stars to continue to grow through accretion alone. Another phys- 
ical process of possible relevance leading to a reduction of dm-^^y^/ dMcd for 
'Timax ~ 10 Mq may be due to an instability in the cold inter-stellar medium 
(ISM) developing at a mass around Mp,r\ = 10^ A f p simi lar to the ISM insta- 
bilities discussed in IPflamm-Altenburg fc Kroupal (|2009a[ l. Such an accretion- 
instability may lead to enhanced accretion of gas onto the pre-cluster cloud core 
from the surrounding molecular cloud. If mmax 10 Mq stars have a reduced 
accretion efficiency then this may explain the flattening, since a smaller frac- 
tion of the newly accreted gas adds to the growth of mmax and is instead used 
up by th e formation of less - massiv e cluster stars {fragmentation induced star- 
vation of IPeters et"alll2010l l2011b !). Furthermore, it may be possible that for 



Meci > 10^ Mq sub-cluster merging may be becoming an important physical 
process: each sub-cluster with A/cci ^ 100 Mq follows the Wmax — M^d relation 
such that upon amalgamation of the sub-clusters rrimax changes less than Med. 
The steepening of the mmax— Mod relation for M^d ^ lO'^ Mq may be affected by 
the coalescence of massive proto-stars in the dense centres of forming embedded 

clusters^ 

iPeters et al. I (|2ni(ll2nilbh discuss the physics driving the rrimax — Mod re- 



lation (for Med^lO^M0) and find that rrimax-growth-curves flatten with in- 
creasing Med because infalling gas is accreted by the other stars in the emerging 
cluster. In particular the appearance of close companions to the most massive 
star reduces its growth, while the star cluster continues to form. Feedback al- 
lows the growth of the most massive star to be sustained for longer, essentially 
by heating the gas such that it is less susceptible to fall into the potentials of 
lower-mass companions and stars and is therewith forced to follow the main 
potential towards the centre, thereby leading to better agreement with the ob- 
served mmax — Mod relation. If no cluster of low-mass stars were to form such 
that none of the gas is accreted by the other low-mass stars, then rrimax oc M^ch 
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which is a dependency which is too steep compared to the data. 
3.3.4 Stochastic or regulated star formation? 

The existence of an observed m^ax « m'^^.^ relation (Eq. different to the one 
expected from random sampling from the IMF thus implies that the formation 
of massive stars is associated with surrounding low-mass star formation. This 
suggests that the formation of stars within the cloud cores is mostly governed 
by gravitationally-driven growth processes in a medium with limited resources. 

If the outcome of star formation were to be inherently stochastic, as is often 
assumed to be the case, in the sense that stars are randomly selected from the full 
IMF, then this would imply that stellar feedback would have to be, by stringent 
logical implication, the randomisation agent. In other words, the well-ordered 
process of stars arising from a molecular cloud core by pure gravitationally 
driven accretion as shown to be the case by self-consistent gravo-hydrodynamical 
simulations would have to be upset completely through feedback processes. As 
there is no physically a cceptable way that this might arise, and since in fact 



the work of Peters et al.l (,2010„ ,2011b) has demonstrated that feedback actually 



helps establish the mmax — -^eci relation, it is concluded that star formation 
cannot be a random process, and its outcome cannot be described by randomly 
choosing stars from an IMFPn 

Returning to Sec. II. 5[ the following two alternative hypotheses can thus be 
stated: 



IMF Random Sampling Hypothesis: A star formation event always pro- 
duces a probabilistically sampled IMF. 



and 



IMF Optimal Sampling Hypothesis: A star formation event always pro- 
duces an optimally sampled IMF such that the TOmax — Afoci relation holds true. 



As stated above, the IMF Random Sampling Hypothesis can already be 
discarded on the basis of the existing data and simulations. But can the current 
data discard the IMF Optimal Sampling Hypothesis? The scatter evident 
in Fig. [S] may suggest that optimal sampling is ruled out, since if it were true 
for every cluster then a one-to-one relation between m,„ax and M^d would exist. 
However, the following effects contribute to introducing a dispersion of mmax 
values for a given Mod, even if an exact mmax — M^cX relation exists: 

• The measurement of M^d and mmax are very difficult and prone to uncer- 
tainty. 

• An ensemble of embedded clusters of a given stellar mass Mod is likely to 
end up with a range of TOmax because the pre-cluster cloud cores are likely 
to be subject to different boundary conditions (internal distribution of an- 
gular momentum, different thermodynamic state, different external radia- 



Choosing stars randomly from the IMF is, however, a good first approximation for many 
purposes of study. 
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tion field, different metallicity, etc.). The details of self-regulation depend 
on such quantities, and this may be compared to the natural dispersion of 
stellar luminosities at a given stellar mass due to different metallicity, stel- 
lar spins and orientations relative to the observer and different stellar ages. 

At present, the IMF Optimal Sampling Hypothesis can thus not be dis- 
carded, but its statement here may be conducive to further research to investi- 
gate how exactly valid it is. 



3.3.5 A historical note 



LarsonI (|l982r ) had pointed out that more massive and dense clouds correlate 
with the mass of the most massive stars within them and he estimated that 
TO max = . 33MPi i,?^ (masses are in M©). An updated relation was derived 
by Larson ( 20031 ) by comparing mmax with the stellar mass in a few clus- 

Both are flatter than the semi-analytica l relation. 



ters, TOti 



^"^ -"^cluster- 



and therefore do not fit the data in Fig. [5] as well (jWeidner fc Kroupai 12006 ). 



ElmegreenI (|1983l ) constructed a relation between cluster mass and its most mas- 
sive star based on an assumed equivalence between the luminosity of the clus- 
ter population and its binding energy for a Miller-Scalo IMF (a self-re gulation 
model). This function is even shallower than the one estimated by iLarson 
( 20031) . 



3.4 Caveats 

Unanswered questions regarding the formation and evolution of massive stars 
remain. There may be stars forming with to > m,nax* which implode "invisibly" 
after 1 or 2 Myr. The explosion mechanism sensitively depends on the presently 
still r ather uncertain mechanism for shock revival after core collapse (e.g. Jankal 



20011 ). Since such stars would not be apparent in massive clusters older than 
2 Myr they would not affect the empirical maximal stellar mass, and TOmax*,truo 
would be unknown at present. 

Furthermore, stars are often in multiple systems. Especially massive stars 
seem to have a binary fraction of 80% or even larger and apparently tend to 
be in binary systems with a preferred mass-ratio g^O.2 fSec. 12. 6| . Thus, if all 
O stars would be in equal-mass binaries, then TOmax*truc ~ 'Tiniax*/2. 

Finally, it is noteworthy that TO^ax* ~ 150 A/q appears to be the same 
for low-metallicity environments ([Fe/H]= —0.5, R136) and metal-rich environ- 
ments ([F'e/H]= 0, Arches), in apparent contradiction to the theoretical values 



(IStotheralllQOa) . Clearly, this issue needs further study. 



Main results: A fundamental upper mass limit for stars appears to exist, 
Wmax* ~ 150 A/0. The mass of a cluster defines the most-massive star in it and 
leads to the existence of a TOmax — Afoci relation, which results from competitive 
resource-limited growth and self-regulation processes. The outcome of a star 
formation event appears to be close to an optimally sampled IMF. 
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4 The Isolated Formation of Massive Stars? 



An interesting problem relevant for the discussion in Sec. 13.31 with major im- 
plications for star-formation theory and the IMF in whole galaxies is whether 



massive st ars can fo rm alone without a star cluster, i.e. in isolation (e.g. iLi et al 
[2003 : .Krumholz fc McKe c 



Related to this is one of the most important issues in star-formation theory, 
namely the still incomplete understanding of how massive stars {m^ 10 Mq) 
form. From Fig. [5] a gas-density of pgas ^ 10"^ Mq/pc'^ for the formation of 
m > 10 M0 stars can be deduced. At least four competing theorie s have 
been d eveloped: the c ompetitive accretion s cenario (iBo nnell et al. 'I l998l . 12004 
BonneU fc B atj l2006l) . collisional merging (jBonnell &: Bate .2002.). the single 



core collapse model allowing isolated massive star formation (iKrumholz et al 
20091 ). the fragmentation-induced starvation mo del (Peters et al. 2010l 2011b[) 



and the outflow- regulated clump collapse model (jWang et al.ll2010l) , where mas- 
sive stars result from the collapse of turbulent cluster-forming clumps, whose 
internal dynamics are regulated by proto-stellar outflows. 

To help advance this topic it is necessary to find conclusive constrains for the 
formation of massive stars from observations. One important piece of evidence 
can be deduced from the formation sites of massive stars. While competitive ac- 
cretion, collisional merging, fragmentation-induced starvation descriptions and 
outflow-regulated clump collapse predict the formation of massive stars within 
star clusters, the core collapse model only needs a sufficiently massive and dense 
cloud core and allows for an isolated origin of O stars. 

This latter model appears to be inconsistent with the data fSec. 13. 3|) . And, 
even the currently most advanced radiation-magnetohydrodynamical simula- 
tions including ionization feedback of a 1000 Mq rotatin g cloud lead to supp res- 
sion of fragmentation by merely a factor of about two ( Peters et al.l 12011a ). so 
that massive star formation cannot be separated from the formation of embed- 
ded clusters. 

Nevertheless, the isolated formation of massive stars remains a popu lar op- 
tion in the research community. Discussing field O stars, 'Massey ( 1998 ) writes 
(his p. 34) "One is tempted to conclude that these 03 stars formed pretty much 
where we see them today, as part of very modest star-formation events, ones 
that perhaps prod uce "a single O star plus some change" , as Jay Gallagher 
aptly put it." 1 Seller et al.l ( 2011 ) write "There is, however, a stat istically small 
percentage of massive stars (~ 5 per ce nt) that form in isolat ion (jde Wit et al 



20051: IParker fc Goodwinll2007l) " while ICamargo et al.l (|2010t ) confess "On the 
other hand. lde Wit et al.l (j2005() estimate that nearly 95 per cent of the Galactic 



O star population is loca ted in clusters or O B associations, or can be kinemat- 
ically lin ked with them " . 'Lamb et al. ( 2010h state "In a study of Galactic field 
O stars, Ide Wit et all (jkoQA, 20(35l) find that 4 ± 2 per cent of aU Galactic O 
stars appear to have formed in isolation, without the presence of a nearby clus- 
ter or evidence o f a la rge space velocity indicative of a runaway star." , while 
Krumholz et al. I (I2OIOI) explain ' Ide Wit et al.l I (|2004l [2005.') find that 4 ± 2 per 



cent of galactic O stars formed outside of a cluster of significant mass, which 
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is consistent with the models presented here (for example, runs M and H form 
effectively isolated massive single stars or binaries), but not with the proposed 
cluster-stellar mass correlation." Such events of isolated massive-star formation 
are c onceivable if th e equation of state of the inter-stellar medium can become 
stiff ( Li et al. Hence, the search for isolated O stars and the deduction 



whether or not these stars have formed in situ can be vital in narrowing down 
theories and advancing the research field. Generally, in order to propose that 
massive stars form in isolation rather contrived initial conditions in the cloud 
core are required such as a strong magnetic field, no turbulence and a highly 
peaked density profile ([Girichidis et al.ll201l[ ). 

The existence of massive stars formed in isolation would be required if the 
stellar distribution within a galaxy were a result of a purely stochastic process 
in contradiction to the IGIMF-theory fSec. [T3l) . and would not be in agreement 
with the existence of the Wmax — Mcc\ relation fEq. |49|) . 

This discussion does not have an easy observational solution because massive 
stars have been observed to be quite far away from sites where late-type stars 
or star clusters are forming and it can never be proven with absolute certainty 
that a given star comes from a cluster. 

One possible way to prove that a massive star formed in isolation, i.e. with 
at most a few companions, would be to discover an isolated massive star with 
wide companions. This would invalidate the star having been ejected from a 
cluster. Unfortunately even this possible criterion is not fool proof evidence 
for the occurrence of isolated massive star formation, as the example in Fig. [5] 
demonstrates. 

Thus, a decision on whether star formation is random enough to allow 
the formation of massive stars by themselves in isolation can only be reached 
through statistical arguments, since it can never be proven beyond doubt that 
some particular massive star did not form in isolation. It is thus essential to 
understand all possible physical mechanisms that contribute to massive stars 
being distributed widely throughout a galaxy. 

The "OB field-star" MF has a ~ 4.5, which has been i nterpreted to be the re- 
sult of isolated high-mass star- formation in small clouds ( Massev 1998f ). Precise 
proper-motion measurements have however shown that a substantial number of 
even the best candidates fo r such an isolated population have high space mo- 
tions teamspec k et al which are best understood as the result of energetic 
stellar-dynamical ejections when massive binary systems interact in the cores of 
star-clusters in star-forming regions. This interpretatio n poses important con- 
straints on the initial pr operties of OB binary systems (IClarke fc Prin gle"l992t 
Kroupa 2001al: Pfiamm-Altenburg fc Kroupa 20061 : Gvaramadze fc Gualandris 



201l[ ). Still. Ide Wit et all (|2004 12005[) found that 4 ± 2 per cent of all O stars 



may have formed outside any cluster environment. 

Th is percentage, however, had to be reduced twice (Fig. [7]) because lSchilbach fc Rosei 
( 2008[ ) showed that 6 out of 11 stars that apparently f ormed in isolation can in 
fact b e back-traced to their parent clusters. Moreover. iGvaramadze fc Boman^ 
( 2008h demonstrated that one of the be st examples for isolated Galactic high- 



mass star formation ( de Wit et al. 2005[ ). the star HD 165319, has a bow shock 
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Figure 6: An A^'-bodyS (jAarsethl 1 19991 ') model of a star cluster initially not mass 
segregated, in virial equilibrium, with a randomly drawn IMF with stellar masses 
between 0.08 and 30 Mq and with a binary fraction of 100 per cent (Eq. I46p . The 
cluster consists of 400 binaries distributed in a Plummer model with a half-mass radius 
of ro.5 = 0.1 pc. The stellar masses are denoted by different symbols as defined in 
the key. Mass segregation develops within the energy-equipartition time-scale t^q < 
0.4 Myr ([Kroupa 2008) such that the low-mass stars expand outwards. The snap-shot 
shows the system at a time of 1.88 Myr. By this time a massive star system has 
been expelled from the cluster by a relatively gentle (about 2 km/s) cluster-potential- 
star recoil. The expelled massive star, which is an equal-mass binary formed after 
an exchange encounter within the cluster core, has a very wide intermediate-mass 
companion as well as a very wide M dwarf companion. It is easy to misinterpret such 
a hierarchical multiple system, located more than 4pc away from a compact young 
cluster, to be an ideal candidate for isolated massive star formation. 
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Figure 7: Estimates of the percentage of massive stars formed in isolation as a function 
of publication year. The present-day (2011) estimate of the fraction of O stars which 
can not be traced back to their birth clusters is at the lower limit of what is expected 
from the two-step mechanism (shaded area). From [Cvaramadze et al.l (|2012l ). 



and is thus a runaway star, most likely ejected from the young massive star 
cluster NGC 6611. This further reduces the percentage of massive stars possibly 
form ed in isolation, bring i ng it to 1.5 ±0.5 per cent. And finally, using the WISE 
data. iGvaramadze et al. ( 2012 ) discovered a bow shock generated by one more 
star (HD 48279) from the sample of the best examples for isolated Galactic high 
mass star formation. Correspondingly, the percentage of massive stars which 
may have formed in isolation is reduced to 1.0±0.5 per cent. Another example of 
a possible very massive star having formed in isolation is VETS 682 which is an 
about 150 Mq heavy star located about 30 pc in projection from the st ar burst 
cluster R136 in the Large Magellanic Cloud (jBestenlehner et al.ll201l[ ). How- 
ever, realistic binary-rich A^-body models of initially mass-segregated R136-type 
clusters show that such massive stars are ejected with the observed velocities 
in all computations there with readily allowing VETS 682 to be interpreted as a 
slow-runaway from R136 (jBaneriee et al.ll2012l ) 

Massive stars may perfectly appear to have formed in isolation despite origi- 
nating in clusters: The "two-step-ejection scenario" , which places massive stars 
outside their pare nt cluster such that they may fake isolated formation, has 
been presented bv IPfiamm- Altenburg fc Kroupa ( 2010[ ). This is based on mas- 
sive binaries first being dynamically ejected from their parent star cluster. The 
subsequent type II supernova explosion then places the remaining massive star 
on a random trajectory such that it can nearly never be traced back to its parent 
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star cluster. This is necessarily the case for 1-4 per cent of all O stars assuming 
all massive stars to form in star clusters which obey the TOmax — -^eci relation. 
Further, if the ejected O star system consists of a tight inner binary with an 
outer companion the Kozai mechanism is likely to force the inner binary into 
coalescence leading to a rejuvenated massive star (a massive blue straggler). 
When the outer companion explodes the massive blue straggler would be re- 
leased in a random direction such that its age nor its motion would allow it to 
be traced to its cluster of origin. 

Thus, as shown above, after excluding all observed O stars that can be 
traced back to young star clusters as well as those with bow-shocks, the current 
observational evidence for the possible existence of isolated O star formation 
amounts to 1 per cent of all known O stars. This is at the lower limit of the 
expected two-step ejection fraction of O stars that cannot be traced back to their 
cluster of origin. There is therefore no meaningful evidence for the formation of 
massive stars in isolation. The hypothesis that the isolated formation of massive 
stars can be a significant contributor to the population of massive stars such that 
the IMF of a whole galaxy effectively becomes a purely probabilistic invariant 
distribution function can formally be negated by noting that the observed IMF 
is too invariant (Fig. \27\ . That is, an isolated massive star would correspond 
to an IMF that significantly differs, by chance, from the theoretical parent 
distribution function. But for each such extreme case there would be many 
more cases of coeval stellar populations that by chance have "strange" IMFs. 
There is not observational evidence whatsoever for this: all known resolved 
stellar populations are canonical. 

Main result: The observed field massive stars are the necessary outcome of 
the formation of massive stars as multiple systems in the cores of embedded 
clusters. There is no convincing evidence for the formation of isolated massive 
stars. 



5 The IMF of Massive Stars 

In what follows, the IMF power law indices are ai for 0.07 < m/MQ < 0.5, a2 
for 0.5 < to/Mq < 1, as for 1 < m/MQ. 

Studying the distribution of massive stars ( 10 A/©) is complicated because 
they radiate most of their energy at far-UV wavelengths that are not accessible 
from Earth, and through their short main-sequence life-times, r, that remove 
them from star-count surveys. For example, a 85 M© star cann ot be distin- 
guished from a 40 Mq star on the basis of My alone (jMassev l2003l) . Construct- 



ing '^{Mv) in order to arrive at S(m) for a mixed-age population does not lead 
to success if optical or even UV-bands are used. Instead, spectral classification 
and broad-band photometry for estimation of the reddening on a star-by-star 
basis has to be performed to measure the effective temperature, T^s, and the 
bolometric magnitude, A/boi, from which m is obtained allowing the construc- 
tion of 5(m) directly (whereby ^'(Afboi) and S(m) are related by Eq.[T]). Having 
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Figure 8: The IMF slope F = 1 — a determined in a homogeneous manner for OB 
associations and clusters in the MW, LMC and SMC. The Small Magellanic Cloud 
(SMC) has a metallicity Z = 0.005 ([Fe/H]f» -0.6), the Large Magellanic Cloud 
(LMC) has Z = 0.008 ([Fe/H]« -0.4) and the Milky Way (MW) has Z = 0.018 
([Fe/ H]sa —0 . 05) w ithin a distance of 3 kpc around the Sun. With kind permission 
from lMassevI (|2003l ). 



obtained S(m) for a population under study, the IMF follows by applying Eq. |3] 
after evolving each measured stellar mass to its initial value using theoretical 
stellar evolution tracks. 

MassevI (l2003h stresses that studies that only rely on broad-band optical 



photometry consistently arrive at IMFs that are significantly steeper with 013 ~ 
3, rather than as = 2.2 ±0.1 found for a wide range of stellar populations using 
spectroscopic classification. Indeed, the application of the same methodology 
by Massey on a number of young populations of different metallicity and density 
shows a remarkable uniformity of the IMF above about 10 M© (Fig. [8|). 

The available IMF measurements do not take into account the bias through 
unresolved systems which may, in principle, be substantial since the proportion 
of multiple stars is higher for massive stars than for low-mass Galactic-field stars 
(e.g. iDuchcnc et al. 2001 ). For example, in the Orion Nebula Cluster (ONC) 
each massive star has, on a verage, 1.5 companion s (IPreibisch et al. I ll999l) . while 
in the cluster NGC 6231, ICarcfa fc MermiUiodl ([20011) find that 80 % of ah 
O stars are radial- velocity binaries. 

However , iMafz Apellanid (l2008h and lWeidner et all I (l2009l) demonstrate that 
the observed IMF for massive stars is not affected significantly by unresolved 
multiple systems: The models, where initial masses are derived from the lumi- 
nosity and colour of unresolved multiple systems, show that even under extreme 
circumstances (100 per cent binaries or higher order multiples), the difference 
between the power-law index of the mass function (MF) of all stars and the ob- 
served MF is small {Aa ^ 0.1). Thus, if the observed IMF has the Salpeter index 
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as = 2.35, then the true stellar IMF has an index not flatter than 013 = 2.25. 

Massive main-sequence stars have su bstantial winds flowing: outwards with 
velocities of a few 100 to a few 1000 km/s (|Kudritzki fc Pulsll2000[ ). For example, 



10 



-6.5 



< m < 10"" Mf;i/yr for m 



4.5 Myr (jGarcia-Segura et al 
60 Mq with T = 3.45 Myr (jGarcia-Segura et al 



1996ah. 



35 Mq with main-sequence life-time r = 
and lO"^-*^ < m < 10"^-^Mo/yr for m = 
19963). More problematical is 



that stars form rapidly rotating and are sub-luminous as a result of reduced 
internal pressure. But they decelerate significantly during their main-sequence 
life-time owing to the angular-momentum loss throug h their winds and becom e 
more luminous more rapidly than non-rotating stars ( Maeder fc MevneO 2000l ). 
For ages less than 2.5 Myr the mod els deviate only by 5-13 % from each other in 
mass, luminosity or temperature ( Weidner fc Kroupa 2006[) . Large deviations 
are evident for advanced stages of evolution though because of the sensitivity 
to the different treatment of the stellar physics. 

The mass-luminosity relation for a population of stars that have a range 
of ages is b roadened, making mass estimates from Afboi uncertain by up to 
50 per cent (jPennv et al ] l200lL a bias that probably needs to be taken into ac- 
count more thoroughly in the derivations of the IMF. Another problem is that 
m ?J 40 Mq stars may finish their assembly after burning a significant propor- 
tion of the ir central H so that a zero -age-main sequence may not exist for mas- 
sive stars (jMaeder fc Behrendl 120021 ). However, the agreement between slowly- 
rotating tidally-locked massive 0-ty pe binaries with st andard non-rotating the- 
oretical stellar models is very good (jPennv et al.ll2001l ). 



Main results: The IMF of massive stars is well described by a Salpeter/Massey 
slope, as = 2.3, independent of environment as deduced from resolved stellar 
populations in the Local Group of galaxies. Unresolved multiple stars do not 
significantly affect the massive-star power-law index. 



A note to the statement that aa = 2.3 is independent of environment: this is 
strictly only valid for star formation with densities less than about 10^ Mq/pc^ 
and for metallicities of [Fe/H] — 2 as are observed in the Local Group of 
galaxies. Evidence has emerged that star formation at higher densities leads to 
top-heavy IMFs (see Fig. [3T] below) . 



6 The IMF of Intermediate-Mass Stars 

Intermediate mass 1 — 8Mq) stars constitute a complicated sample to deal 
with in terms of inferring their mass function from star-counts in the Galactic 
field as well as in star clusters. Their life-times are comparable to the age of 
the Galactic disk down to the life-time of typical open clusters (a few 10* yr. 
Fig. [26] below) . Also, the distribution function of multiple systems change in 
this mass range (Sec. 12. 6|) . Corrections of their luminosities for stellar evolution 
and binarity are thus more challenging than in the other mass ranges. Also, 
the diffusion of stellar orbits within the MW disk away from the birth orbits 
has a comparable time-scale (the dynamical period of the Milky Way) such that 
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an ensemble of intermediate-mass stars does not have an as well constrained 
Galactic-disk thickness as the massive (w 50 pc) or low-mass (~ 500 pc) stars. 
This affects the combination of the essentially two-dimensional (in the Galactic 
disk plane) star counts of massive stars with the three-dimensional (solar neigh- 
bourhood within a few hundred pc) star counts of late-type main sequence stars 
to a common density of stars in depe ndence of stellar luminosity. This issue is 
dealt with excellently bv lScalol(ll98d) . The resulting constraints on the IMF in 
this mass range are rather uncertain. Indeed, in Fig. [26] it is evident that the 
sc atter o f dedu ced a-indices is very large in this mass range, and the analysis 
by IScalol ( 19861 ) may even suggest a discontinuity in the Galactic-disk IMF in 
this mass range. 

The stellar IMF has a2 « 2.3 for stars with 0.5 < m/M© < 1 (Main 
Results on p. ES]) and « 2.3 for m>8MQ (Sec. O such that as « 2.3 for 
1 ^ m/MQ ^ 8 appears natural. However, as noted in Sec. l2.6[ the initial binary 
properties appear to be different for m < few Mq in comparison to those for 
m > few Mq implying Open Question I on p. |40l 

Here it is assumed that the IMF is continuous across this mass range and 
thus attention is given to the massive (Sect. [S]) and low-mass stars (Sect. [7]). 
But in view of the discontinuity issue uncovered on p. [80] for stars and brown 
dwarfs, the continuity assumption made here needs to be kept in mind. 



7 The IMF of Low-Mass Stars (LMSs) 

Here stars with 0.1 ^to/A/q ^ 1 (the LMSs) are discussed. They are late-type 
main sequence stars which constitute the vast majority of all stars in any known 
stellar population (Table [T] below). Also, their initial binary properties follow 
rather simple rules (Sect. [^^ . Very low-mass stars (VLMSs) with m < 0.15 Mq 
are the subject of Sec. [5] 

There are three well-tried approaches to determine ^'(Mv) in Eq. [TJ The 
first two are applied to Galactic-field stars (parallax- and flux-limited star- 
counts), and the third to star clusters (establishment of members). The sample 
of Galactic-field stars close to the Sun (typically within 5 to 20 pc distance 
depending on to) is especially important because it is the most complete and 
well-studied stellar sample at our disposal. 

7.1 Galactic-field stars and the stellar luminosity function 

Galactic-field stars have an average age of about 5 Gyr and represent a mix- 
ture of many star- formation events. The IMF deduced for these is therefore 
a time-cumulated composite IMF (i.e. the IGIMF, Sec. [H]). For to<1.3M0 
the composite IMF equals the stellar IMF according to the presently available 
analysis, and so it is an interesting quantity for at least two reasons: For the 
mass-budget of the Milky- Way disk, and as a bench-mark against which the 
IMFs measured in presently- and past-occurring star-formation events can be 
compared to distill possible variations about the mean. 
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7.1 Galactic-field stars and the stellar luminosity function 



The first and most straightforward method consists of creating a local volume- 
limited catalogue of stars yielding the nearby LF, 'i^ncaiiMv)- Completeness of 
the modern Jahreiss-Gliese Catalogue of Nearby Stars extends to about 25 pc for 
m ?J 0.6 Mq, trigonometric distances having been measured using the Hipparcos 
satellite, and only to about 5 pc for less massive stars for which we still rely on 
ground-based trigonometric parallax measurement^^. The advantage of the LF, 
^'near(.Mv), Created using this catalogue is that virtually all companion stars 
are known, that it is truly distance limited and that the distance measurements 
are direct. 

The second method is to make deep pencil-beam surveys using photographic 
plates or CCD cameras to extract a few hundred low-mass stars from a hundred- 
thousand stellar and galactic images. This approach, pioneered by Gerry Gilmore 
and Neill Reid, leads to larger stellar samples, especially so since many lines-of- 
sight into the Galactic field ranging to distances of a few 100 pc to a few kpc 
are possible. The disadvantage of the LF, ^phot(Mv), created using this tech- 
nique is that the distance measurements are indirect relying on photometric 
parallax. Such surveys are flux limited rather than volume limited and pencil- 
beam surveys which do n ot pass through v irtually the entire stellar disk are 
prone to Malmquist bias (jStobie et al. I ll989l) . This bias results from a spread 



of luminosities of stars that have the same colour because of their dispersion of 
metallicities and ages, leading to intrinsically more luminous stars entering the 
flux-limited sample and thus biasing the inferred absolute luminosities and the 
inferred stellar space densities. Furthermore, binary systems are not resolved in 
the deep surveys, or if formally resolved the secondary is likely to be below the 
flux limit. 

The local, nearby LF and the Malmquist-corrected deep photometric LF are 
displayed in Fig. [9] They differ significantly for stars fainter than My ~ 11-5 
which caused some controversy in the pasi|^. That the local sample has a spuri- 



^^Owing to the poor statistical definition of N&nearCAfv) for Mq, My ^W, it is 

important to increase the sample of nearby stars, but controversy exists as to the maximum 
distance to which the LMS census is complete. Using spectroscopic parallax it has been 
suggested that th e local census of L MSs is complete to within about 15 % to distances of 
8 pc and beyond l lReid &: Gizis^[T997^ . However, Malmquist bias allows stars and unre solved 
binaries to enter such a flux-limited sample from much larger distances l|KrouDall200ld ) . The 
increase of the number of stars with distance using trigonometric distance measurements shows 
that the nearby sample becomes incomplete for distances larger than 5 pc and for My > 12 
l|jahreisslll994l : iHenrv et al.lll997l ) . The incomplete ness in the northern stellar census beyond 
5 pc and within 10 pc amounts to about 35 % lljao et al.ll2003 ). and further discovered 
companions (e.g. 'Dolfosso et al."l999'; 'Beuzit et al.' 2004) to known primaries in the distance 
range 5 < d < 12 pc indeed sugges t t hat the ex t end ed sample may not yet be complete. Based 
on the work bv lReid et al ] l|2003alllJ l. lLuhmanl l(2004l 'l however argues that the incompleteness 

is only about 15 %. 

This controversy achieved a maxiumum in 1995, as documented in iKroupal ^995^). The 
discrepancy evident in Fig. |9] between the nearby LF, ^noar, and the photometric LF, ^phot, 
invoked a significant dispute as to the nature of this discrepancy. On the one hand ( Kroupal 
[l995a ) the difference is thought to be due to unseen companions in the deep but low-resolution 
surveys used to construct ^phot, with the possibility that photometric calibration for VLMSs 
may remain proble matical so that the e xact shape of ^'phot for Afv ~ 14 is probably uncertain. 
On the other hand l|Reid fc Gizislll997f l the difference is thought to come from non-linearities 
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7.2 The stellar mass-luminosity relation 



ous but significant over-abundance of low-mass stars can be ruled out by virtue 
of the large velocity dispersion in the disk, w 30 pc/Myr. Any significant over- 
abundance of stars within a sphere with a radius of 30 pc would disappear within 
one Myr, and cannot be created by any physically plausible mechanism from a 
population of stars with stellar ages spanning the age of the Galactic disk. The 
shape of ^phot(-^^y) for My ^ 12 is confirmed by many independent photomet- 
ric surveys. That all of these could be making similar mistakes, such as in colour 
transformations, becomes unlikely on consideration of the LFs constructed for 
completely independent stellar samples, namely star clusters fFig. I10|) . 

7.2 The stellar mass— luminosity relation 

The MF is related to the LF via the derivative of the stellar mass-luminosity 
relation (Eq. [T]). 

Eq. [1] shows that any non-linear structure in the MLR is mapped into ob- 
servable structure in the LF, provided the MF does not have a compensating 
structure. Such a conspiracy is implausible because the MF is defined through 
the star-formation process, but the MLR is a result of the internal constitution 
of stars. The MLR and its derivative are shown in Fig. [TT] It is apparent that 
the slope is very small at faint luminosities leading to large uncertainties in the 
MF near the hydrogen burning mass limit. 

The physics underlying the non-linearities of the MLR are due to an in- 
terplay of changing opacities, the internal stellar structure and the equation of 
state of the matter deep inside the stars. Starting at high masses (m ^ few Mq), 
as the mass of a star is reduced H~ opacity becomes increasingly important 
through the short-lived capture of electrons by H-atoms resulting in reduced 
stellar luminosities for intermediate and low-mass stars. The m(My) relation 
becomes less steep in the broad interval 3 < My < 8 leading to the Wielen 
dip (Fig. [9]). The m(My) relation steepens near My — 10 because the forma- 
tion of H2 in the very outermost layer of main-sequence stars causes the onset 
of convection up to and above the photo-sphere leading to a flattening of the 
temperature gradient and therefore to a larger effective temperature as opposed 
to an artificial case without convection but the same central temperature. This 
leads to brighter luminosities and full convection for m ^ 0.35 Mq. The modern 
Delfosse data beautifully confirm the steepening in the interval 10 < My < 13 
predicted in 1990. In Fig. [11] the dotted MLR demonstrates the effects of sup- 
in the V — I, My colour-magnitude relation used for photometric parallax. Taking into 
account such structure it can be shown that the photometric surveys underestimate stellar 
space densities so that ^phot moves closer to the extended estimate of 'I'ncar using a sample 
of stars within 8 pc or further. While this is an important point, the extended ^noar is 
incomplete (see footnote ll3l on p. I59I I and theoreti cal colour-magnitude r elations do not have 
the required degree of non-linearity (e.g. fig. 7 in lBochanski et al.ll2O10[) . The observational 
colour— magnitude d ata also do not conclusively suggest a feature with the required strength 
llBaraffe et al.|[T998D . Furthermore, Nl/phot agrees almost perfectly with the LFs measured for 
star clusters of solar and population II metallicity for which the colour-magnitude relation is 
not required (Fig. llOj l so that non-linearities in the colour— magnitude relation cannot be the 
dominant source of the discrepancy. 
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Figure 9: Stellar luminosity functions (LFs) for solar-neighbourhood stars. The pho- 
tometric LP corrected for Malmquist bias and at the mid-plane of the Galactic disk 
(^'phot) is compared with the nearby LF (^'noar). The average, ground -based ^l/phot 
(dashed histogram, data pre-dating 1995, is confirmed (|Kroupalll995al ) by Hubble- 
Space- Telescope (HST) star-count data which pass through the entire Galactic disk 
and are thus less prone to Malmquist bias (solid dots). The ground-based volume- 
limited trigonometric-parallax sample (dotted histogram) systematically overestimates 
^near duB to the Lutz-Kelker bias, thus lying above the improved estimate provided b y 
the Hipparcos-satellite data (solid histogram , Ijahreif? fc Wielenll 19971 : iKroupalbOOlj ^ 
The Lutz-Kelker bias (|Lutz fc KelkeJ Il973l ') arises in trigonometric-parallax-limited 
surveys because the uncertainties in parallax measurements combined with the non- 
linear increase of the number of stars with reducing parallax (increasing distance) lead 
to a bias in the deduced number density of stars when using trigonometric-parallax 
limited surveys. The depression/plateau near Mv = 7 is the Wielen dip. The maxi- 
mum near Mv ~ 12, Mi « 9 is the KTG peak. The thin dotted histogram at t he faint 
end in dicates the level of refinement provided by additional stellar additions ((Kroupal 
l200lj ) demonstrating that even the immediate neighbourhood within 5.2 pc of the 
Sun probably remains incomplete at th e faintest stellar lum inosities. Which LF is the 
relevant one for constraining the MF? iKroupa et all l|l993l ) uniquely used both LFs 
simultaneously to enhance the constraints. See text. 
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Figur e 10: 7-band LFs of stellar s?/stems in four star clusters: globular cluster (GC) 
M15 (|de March! fc Paresce 1995al. d istance modulus Am = m — M — 15.25 mag); 
GC NGC 6391 (|Paresce et al.l Il995l . Am = 12. 2); young Galactic cluster Pleiades 
(jHamblv et aDllQQll . Am = 5.48lj_GC 47 Tuc ()de Marchi fc Parescd [T995bl . Am = 
13.35). The dotted histogram is ^phot(Af/) from Fig. |9] transfo rmed to the J-band 
using the linear colour-mag nitude relation My = 2.9+3.4 (V-I) (|Kroupa et al.lll993l ') 
and *phot(Af/) = (dMv/dMi) *phot(Mv) (Eq.[2l). The KTG peak is very pronounced 
in all LFs. It is due to an extremum in the derivative of the MLR (Fig. Ilip. 
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pressing the formatio n of the H2 molecul e by lowering it's dissociation energy 
from 4.48 eV to 1 eV (jKroupa et al.lll990l hereinafter KTG). The m{Mv) rela- 
tion flattens again for My > 14, m < 0.2 Mq as degeneracy in the stellar core 
becomes increasingly important for smaller masses h miting further contraction 
( Hayashi fc Nakano 1963t Chabrier fc Barafi3 1997 ). Therefore, owing to the 
changing conditions within the stars with changing mass, a pronounced local 
maximum in —dm/dMv results at My « 11.5, postulated by KTG to be the 
origin of the maximum in ^phot near My = 12. 

The implication that the LFs of all stellar populations should show such a 
feature, although r ealistic metallicity-d ependent stellar models were not avail- 
able yet, was noted (jKroupa et al ] |l993l) . The subsequent finding that all known 
stellar populations have the KTG peak (Figs. [HI and [TU|) constitutes one of 
the most impressive achievements of stellar- structure theory. Different theo- 
retical m(My) relations have the maximum in —dm/dMv at different Afy, 
suggesting the possibility of testing stellar structure th eory near the critical 
mass m ~ 0.35 Mqj where stars become fully convective (jKroupa fc Toutlll997 : 



Brocato et al.lll998l ). But since the MF also defines the LF the shape and loca- 



tion cannot be unambiguously used for this purpose unless it is postulated that 
the IMF is invariant. Another approach to test stellar models is by studying 
the deviations of observed to (My) data from the theoretical relations (Fig. [T^. 

A stu dy of the position of the max imum in the /-band LF has been under- 
taken by Ivon Hippel et al.l (jl996l) and iKroupa fc Tout] (jl997l ) finding that the 
observed position of the maximum shifts to brighter magnitude with decreasing 
metallicity, as expected from theory (Figs. fT3l and fTlj). 



7.3 Unresolved binary stars and the solar-neighbourhood 
IMF 

In addition to the non-linearities in the m(Mp) relation, unresolved multiple 
systems affect the MF derived from the photometric LF, in particular since no 
stellar population is known to exist that has a binary proportion smaller than 
about 50 per c ent, apart possibly f rom dynamically highly evolved globular and 
open clusters (jSollima et al.ll2007i [201oHMarks et al.ll201ll ). 

Suppose an observer sees 100 systems. Of these 40, 15 and 5 are binary, triple 
and quadruple, respectively, these being realistic proportions. There are thus 
85 companion stars which the observer is not aware of if none of the multiple 
systems are resolved. Since the distribution of secondary masses is not uniform 
but typically increases with decr easing mass for F-, G- and K-type primaries (i t 
decreases for M-type primaries, iMalkov fc Zinneckeiil200ll : iMarks et al.ll201ir) . 
the bias is such that low-mass stars are significantly underrepresented in any sur- 
vey t hat does not detect companions (jKroupa et al.lll99ll : iMalkov fc Zinnecker 
200lh . Also, if the companion(s) are bright enough to affect the system lumi- 
nosity noticeably then the estimated photometric distance will be too small, 
artificially enhancing inferred space densities which are, however, mostly com- 
pensated for by the larger distances sampled by binary systems in a fiux-limited 
survey, together with an exponential density fall-off perpendicular to the Galac- 
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Figure 11: The mass- luminosity relation (MLR, upper panel) and its derivative (lower 
panel) for la te-type stars. Upper panel: The ob servational data (solid triangles and 
open circles, iDelfosse et al.' '2000l: open squares, lAndersenl ll99lh are compared with 
the empirical MLR of iScalo (1 9861 ) and the semi-empirical KTG93-MLR tabulated in 
iKroupa et all (|l993l ). The under-luminous data points 1,2 are GJ2069A a,b an d 3,4 
are G1791.2A,B. AU are probably metal- rich by « 0.5 dex (IDelfosse et al.ll200d) . The- 
oretical MLRs from iBaraffe et af] l|l998h (BCAH98) and ISiess et al I l|2000h (SDFOOl 
are also shown. The observational data ('Andersen" 19 9l|) show th at logio [m(M\/)] is 
approximately linear for m > 2Mq. See also ,Malkov et al.l (|l997l ). Lower panel: The 
derivatives of the same relations plotted in the upper panel are compared with $phot 
from Fig. |9] Note the good agreement between the location, amplitude and width of 
the KTG peak in the LF and the extremum in dm/dMy- 
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Figure 12: Deviations of the MLRs {5m = mobs — m{Mv)) from the empirical data, 
mobs, with errors 6m shown in Fig. [TT]in Mq (upper panel) and in percent (lower panel 
with uncertainties — (m(Mv)/mobs) x Colours refer to the models of Fig. 1111 

Reduced {v — 26 for 31 data points, ignoring the four outliers) values indicate 
the formal goodness-of-fit. Formally, none of the MLRs available is an acceptable 
model for the data. This is not alarming though, because the models are for a single- 
metallicity, single-age population while the data span a range of metallicities and ages 
typical for the solar-neighbourhood stellar population, as signifi ed by Sm S> em in 
most cases. The xt values confirm t hat the BCAH98 m odels (iBaraffe et aLlfTQQSl l 
and the semi- empirical KTG93 MLR ijKroupa et al.lll993l 'l provide the best-matching 
MLRs. Note that the KTG93 MLR was derived from mass-luminosity data prior to 
1980, but by using the shape of the peak in 'I'phot(Afv) as an additional constraint the 
constructed MLR became robust. The lower panel demonstrates that the deviations 
of observational data from the model MLRs are typically much smaller than 30 per 
cent, excluding the putatively metal-rich stars (1-4). 
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Figure 13: The position of the maximum in —dm/dMi as a funct ion of metal- 
licity of the theoretical mass-luminosity data of iKroupa fc ToutI l| 19971 ) is shown as 
solid dots. The open square s represent bounds by the stellar-structure models of 
iD'Antona fc Mazzitellil l)l996h . and the open circles are observational constraints for 
different populations (e.g. SN for the composite solar-neighbourhood population, 
Pleiades for the simple population of an intermediate-age cluster). Thick circles are 
more certain than the thin circles, and for the Pleiades a sequence of positions of the 
LF-maximum is given, from top to bottom, with the following combinations of (dis- 
tance modulus, age): (5.5, 70 Myr), (5.5, 120 Myr), (5. 5, main sequence ) , (6, 7 Myr), 
(6, 120 Myr), (6, main sequence). For more details see iKroupa fc ToutI (|l997l b 
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Figure 14: Similar to Fig. [13] but from Ivon Hippel et al] (|l996l '). their fig.5: The 
absolute J-band-equivalent magnitude of the maximum in the LF as a function of 
metallicity for different populations. The solid and dashed lines are loci of constant 
mass (0.2, 0.231, .3 Mp ) according to theoretical stellar structure calculations. See 
Ivon Hippel et al] l|l996l ) for more details. 
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tic disk (|Kroupall2001cl ). A faint companion will also be missed if the system is 



formally resolved but the companion lies below the flux limit of the survey. 

Comprehensive star-count modelling of the solar neighbourhood that incor- 
porates unresolved binary systems, metallicity and age spreads and the den- 
sity fall-off perpendicular to the Galactic disk with appropriate treatment of 
Malmquist and Lutz-Kelker bias show that the IMF, from which the solar- 
neighbourhood populations within a few pc and a few hundred pc stem, can be 
unified with one MF which is a two-part power-law with ai — 1.3 ± 0.5, 0.07 < 
m/M(7) < 0.5, a2 ^ 2.2,0 5 < m/Mp, < 1, a result obtained for two different 
MLRs (jKroupa et al. 1993 : Kroupa 2001c ). The index a2 is constrained tightly 



owing to the well-constrained ^'ncan the well-constrained empirical MLR in this 
mass range and because unresolved binary systems do not significantly affect the 
solar-neighbourhood LF in this mass range because primaries with to ^ 1 Mq 
are rare and are not sampled. The stellar sample in the mass range 0.5 — 1 Mq 
is therefore complete. 

Fig. [TS] demonstrates models of the individual-star and system LFs for the 
KTG93 MLR shown in Fig.[TT] The significant difference between the individual- 
star and system LFs is evident, being most of the explanation of the disputed 
discrepancy between the observed ^'noar and ^'phot. Note though that the ob- 
served photometric LF contains triple and quadruple systems that are not ac- 
counted for by the model. Note also that the photometric LF has been corrected 
for Malmquist bias and so constitutes the system LF in which the broadening 
due to a metallicity and age spread and photometric errors has been largely 
removed. It is therefore directly comparable to the model system LF, and both 
indeed show a very similar KTG peak. The observed nearby LF, on the other 
hand, has not been corrected for the metallicity and age spread nor for trigono- 
metric distance errors, and so it appears broadened. The model individual-star 
LF, in contrast, does not, by construction, incorporate these, and thus appears 
with a more pronounced maximum. Such observational effects can be incor- 
porated rather easily into full-scale star-count modelling (jKroupa et al ][l993). 



The deviation of the model system LF from the observed photometric LF for 
Mv ^ 14 may indicate a change of the pairing properties of the VLMS or BD 
population (Sec. [8]). 

Since the nearby LF is badly defined statistically for My <L 13, the resulting 
model, such as shown in Fig. I15[ is a prediction of the true, individual-star LF 
that should become apparent once the immediate solar-neighbourhood sample 
has been enl arged significan tly through the planned space-based astrometric 
survey Gaia (jGilmore et al ][l998), followed by an intensive follow-up imaging 



and radial-velocity obs erving program me scrutinising every nearby candidate 
for unseen companions (!Kroupall2001c ). Despite such a monumental effort, the 



structure in will be smeared out due to the metallicity and age spread 

of the local stellar sample, a factor to be considered in detail. 
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Figure 15: Comparison of the model field luminosity function (curves) of a single- 
metallicity and single-age population that is without measurement errors, with obser- 
vations in the photometric V-band (a comp arison of the corresponding LFs in bolo- 
metric magnitudes can be found in lKroupa| [T995c'). The model assumes the standard 
or canonical stellar IMF, Eq. [55] below. The model single star luminosity function is 
normalised to the nearby luminosity function at My « 10, Mboi ~ 9, giving the nor- 
malisation constant in the MF k (Eq. [5]), and the plot shows fc ^mod.sing (long dashed 
curve), fc^'mod,sys(i = 0) (dotted curve, 100 per cent birth binary fraction in dynami- 
cally unevolved embedded clusters, see Fig. I16p without pre-main sequence brighten- 
ing, and fc 'I'mod,sys(t ~ 1 Gyr) (solid curve, 48 per cent surviving binary fraction in 
dissolved clusters, see Fig. I16|l . Note that the solid curve is the luminosity function for 
a realistic model of the Galactic field population of systems consisting of 48 per cent 
binaries (which result from disruption of the 100 per cent binary birth population of 
Sec. 12.61 in the embedded clusters) which have a period distribution consistent with 
the observed G-, K-, and M-d warf period distribution, the mass ratio distributions for 
G-dwarf systems as observed (iDuguennov fc Mavor^^l991^ ■ and the overall mass-ratio 
distribution given by fig. 2 in lKroupa et all (I2003D . where a concise description of the 
"standard star-formation model" can be found. The observed nearby st ellar luminosity 
function, 'linea r, which is not corrected for Lutz-Kelker bias (|Lutz fc Kclkcr 1973, ta- 
bles 2 and 8 in lKroupa|[l995al ) and which is smoothed by using larger bin widths at the 
faint end, as detailed in section 4 of that paper, is plotted as the solid-line histogram. 
The filled circles represent the best-estimate Malmquist corrected photometric lumi - 
nosity function, ^tphot (Fig. [9|. By correcting for Malmquist bias (jStobie et al.l 19891') 
the LF becomes that of a single-age, single-metallicity population. Taken from Kroupal 
l|l995eh . 
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Main results: The universal structure in the stellar LF of main sequence 
stars (the Wielen dip and the KTG peak) is well understood. It is due to 
non-linearities in the stellar mass-luminosity relation. Binary systems have a 
highly significant effect on the LF of late-type stars. The solar-neighbourhood 
IMF which unifies ^ncar and 4'phot has ai = 1.3 (0.07— 0.5 M0) and a2 — 
2.2 (0.5- IA/q). 



7.4 Star clusters 

Star clusters less massive than about M — 10^ Mq and to a good degree of 
approximation also those with M > 10^ Mq offer populations that are co-eval, 
equidistant and that have the same chemical composition. But, seemingly as a 
compensation of these advantages the extraction of faint cluster members is very 
arduous because of contamination by the background or foreground Galactic- 
field population. The first step is to obtain photometry of everything stellar in 
the vicinity of a cluster and to select only those stars that lie near one isochrone, 
taking into account that unresolved binaries are brighter than single stars. The 
next step is to measure proper motions and radial velocities of all candidates to 
select only those high-probability members that have coinciding space motion 
with a dispersion consistent with the a priori unknown but estimated inter- 
nal kinematics of the cluster. Since nearby clusters for which proper-motion 
measurements are possible appear large on the sky, the observational effort is 
overwhelming. A n excellent e x ample of such work is the 3D mapping of the 
Hyades cluster bv iRoser et al. (2011). For clusters such as globulars that are 



isolated the second step can be omitted, but in dense clusters stars missed due 
to crowding need to be corrected for. 

The stellar LFs in clusters turn out to have the same general shape as ^'phot 
(Fig. 1101) , with the maximum being slightly off-set depending on the metallicity 
of the population (Figs. [13] and [T4l) . A 100 Myr isochrone (the age of the 
Pleiades) is also plotted in Fig.[Tl]to emphasise that for young clusters additional 
structure (in this case another maximum near My = 8 in the LF is exp ected 



via Eq. [T}. This is verified for the Pleiades cluster (jBelikov et al.N lQQSI). and 
is due to stars with m < 0.6 Mq not having reached the main-sequence yet 
(jChabrier fc Barafl[ell200nl ) . 



LFs for star clusters are, like 4'phot, system LFs because binary systems 
are not resolved in the typical star-count survey. The binary-star population 
evolves due to encounters, and after a few initial crossing times only those binary 
systems survive that h ave a binding energy larger than the typical kinetic energy 
of stars in the cluster ( Heggie ll975HMarks et al.ll201lh . 



A further complication with cluster LFs is that star clusters preferentially 
loose single low-mass stars across the tidal boundary as a result of ever-continuing 
re-distribution of energy during encounters while the retained population has 
an increasing binary proportion and increasing average stellar mass. The global 
PDMF thus flattens with time with a rate proportional to the fraction of the 
cluster lifetime and, for highly evolved initially rich open clusters, it evolves to- 
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wards a delta function near the turnoff mass, the mass-loss rate being a function 
of Galactocentric distance. This is a major issue for aged open clusters (initially 
N < 10* stars) with life-times of only a few 100 Myr. 

These processes are now well quantified, and Fig. [16] shows that a dynami- 
cally very evolved cluster such as the Hyades has been depleted significantly in 
low-mass stars. Even so, the binary-star correction that needs to be applied to 
the LF in order to arrive at the individual-star present-day LF is significant. 

A computationally challenging investigation of the systemat ic changes of the 

MF in evolving clusters of different masses has been published bv lBaumgardt fc Making 
( 20031) . - Baumgardt & Makino quantify the depletion of the clusters of low- mass 
stars through energy-equipartition-driven evaporation and conclusively show 
that highly evolved clusters have a very substantially skewed PDMF (Fig. [T7)) . 
If the cluster ages are expressed in fractions, r^, of the overall cluster lifetime, 
which depends on the initial cluster mass, its concentration and orbit, then dif- 
ferent clusters on different orbits lead to virtually the same PDMFs at the same 
Tf. Their results were obtained for clusters that are initially in dynamical equi- 
librium and that do not contain binary stars (these are computationally highly 
demanding), so that future analysis, including initially non-virialised clusters 
and a high primordial binary fraction (Sec. 12. 6|) . will be required to further 
refine these results. 

For the massive and long-lived globular clusters {N > 10^ stars) theoretical 
stellar-dynamical work shows that the MF measured for stars near the cluster's 
half-mass radius is approximately similar to the global PDMF, while inwards 
and outwards of this radius the MF is fiatter (smaller ai ) and steeper (larger cti ) , 
respectively, owing to dynamical mass segregation (jVesperini fc Heggigll997t l. 
However, mass loss from the cluster fiattens the global PDMF such that it no 
longer resembl es the IMF anywhere (F ig. ll7|) . for which evidence has been found 
in some cases ( Piotto fc Zoccah 1999i see also Sec. 112. 7p . The MFs measured 
for globular clusters must therefore generally be fiatter than the IMF, which is 
indeed born-out by observations (Fig. 1261 below). However, again the story is by 
no means straightforward, because globular clusters have signifi cantly smaller 
binary fractions than population II clusters (l lvanova et aLllioOSl ). The binary- 
star corrections are therefore smaller for globular cluster MFs implying a larger 
difference between ai for GCs and open clusters for which the binary correction 
is very significant. 

Therefore, and as already pointed out bv lKrouDal(|2001bh . it appears quite re- 
alistically possible that population II IMFs were in fact flatter (smaller ai) than 
population I IMFs, as would be qualitatively expected from simple fragmenta- 
tion theory (Sec. 112.^ . Clearly, this issue needs detailed investigation which, 
however, is computationally highly demanding, requiring the use of state-of-the 
art TV-body codes and special-purpose hardware. 

The first realistic calculations of the formation of an open star cluster such 
as the Pleiades demonstrate that the binary properties of stars remaining in 
the cluster are comparable to those observed eve n if all stars initial l y form 
in binary systems according to the BBP (Eq. |46l Kroupa et al.l [2OO1I |2003[) . 
That work also demonstrates the complex and counter-intuitive interplay be- 
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Figure 16: Models of the iiT-band individual-star and system LPs in an ensemble 
of 20 dynamically highly evolved clusters (thin and thick histograms, respectively). 
An observer would deduce the thick histogram, which can only be transformed to the 
individual-star PDMF in the cluster if adequate correction for unresolved binaries is 
made. Such a correction leads to the upper thin histogram from which the PDMF can 
be inferred via Eq. [T] Each cluster model consists initially of 200 binaries with a half- 
mass radius of 0.85 pc, and the LPs are shown at an age of 480 Myr (44 initial crossing 
times) and count all stars and systems within the central sphere with a radius of 2 pc. 
The clusters are random renditions from the same parent distributions (binary-star 
orbital parameters, IMF, stellar positions and velocities) and are initially in dynamical 
equilibrium. The upper dashed curve is the initial individual-star LP (KTG93 MLR, 
Pig. 111! and canonical IMP, Eq. 1551 below) and the solid curve is the model Galactic- 
field LP of systems, also shown in Pig. 1151 This is an accurate representation of the 
Galactic-field population in terms of the IMP and mixture of single and binary stars, 
and is derived by stars forming in clusters such as shown here that dissolve with time. 
Both of these LPs are identical to the on es shown in Pig. 1151 The dotted curve is the 
initial system LP (100 % binaries). From iKroupal l|l995d ). 
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Figure 17: PDMFs in a King-model cluster with concentration Wo = 5 on a circular 
orbit about the MW centre with radius 8.5 kpc. Shown are the MPs of all bound 
stars at ages corresponding to r/ = %, 30 %, 60 % and 90 % of the cluster life-time 
(from top to bottom). For each age the solid line represents one computation with 
1.28 X 10^ stars, the dashed lines show the sum of four clusters each with 8000 stars 
(scaled to the same number of stars as the massive computation). Results for other 
circul ar and eccentric orbits a nd clu ster concentrations are virtually indistinguishable. 
From iBaumgardt fc Makind l|2003h . Note the progressive depletion of low-mass stars 
as the cluster ages. 
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tween the initial concentration, mass segregation at the time of residual gas 
expulsion, and the final ratio of the number of BDs to stars (Fig. [T8)) . Thus, 
this modelling shows that an initially denser cluster evolves to significant mass 
segregation when the gas explosively leaves the system. Contrary to naive ex- 
pectation, according to which a mass-segregated cluster should loose more of its 
least massive members during expansion after gas expulsion, the ensuing vio- 
lent relaxation of the cluster retains more free-floating BDs than the less-dense 
model. This comes about because BDs are split from the stellar binaries more 
efficiently in the denser cluster. This, however, depends on the BDs and stars 
following the same pairing rules, which is now excluded (Sec. [S]). During the 
long term evolution of the mass function initially mass segregated star clusters 
loo se more low-mass stars w hen they are close to dissolution as has been found 
by iBaumgardt et al. ( 2008f) after comparing star loss from clusters in A^-body 



calculations with the observed mass functions of globular clusters. But addi- 
tionally the gas expulsion from embedded clusters has to be carefully taken into 
account to explain the correlation between concentration of a globular cluster 
and the slope of its PDMF (Sec. [T^ 

These issues remain an active area of research, because at least two changes 
need to be made to the modelling: On the one hand, BDs need to be treated as 
a population separate from the stellar one (Sec. [5]) so that the free-floating BDs 
that result, in the currently available models, from the disruption of star-BD bi- 
naries, will not be available in reality. On the other hand some observations sug- 
gest that star clusters may form highly mass-segregated. The mass-dependent 
loss of stars thus definitely remains an issue to be studied. 

The above work suggests that even clusters as young as the Pleiades are sig- 
nificantly evolved becaus e clusters of all masses fo rm from highly concentrated 
embe dded morphologies (jKroupa l2005t [Marks fc Kroupal l2010l 120121 : IConrovl 



l2012h . Also, the low-mass stars in clusters as young as the Pleiades or M35 
(Fig. [19] below) have not yet reached the main sequence, so that pre-main se- 
quence stellar-evolution calculations have to be resorted to when transforming 
measured luminosities to stellar masses via the MLR. 

For ages younger than a few Myr this becomes a serious problem: Classi- 
cal pre-main sequence theory, which assumes hydrostatic contraction of spher- 
ical non-, sometimes slowly-rotating stars from idealised initial states breaks 
down because of the overlap with the star formation processes that defies de- 
tailed treatment. Stars this young remember their accretion history, invali- 
dating the application of classi cal pre-main sequ e nce stellar evolution t racks , 
a p oint made explicitly clear by Tout et al. ( 1999() : IWuchterl fc KlessenI (|200ll) 



and IWuchterl fc Tscharnuteil (|2003[) . and are in any case rotating rapidly and 



are non- spherical. Such realistic pre-main sequence tracks are not available yet. 
The uncerta inties due to such processes have been partially discussed though 



( Baraffe et al . 2002. 20Q9; Baraffe fc Chabrier 2010.) . 

Research on the IMF in very young clusters benefits from spectroscopic 
classification of individual stars to place them on a theoretical isochrone of 
existing classical pre-main-sequence evolution theory to estimate masses (e.g 



existing classical pre- mam-sequence evolution tneory to estimate masses (e.g. 
Mever et al.l2000tlLuhmanll2004l : iBarrado v Navascues et al.ll2004l : ISlesnick etal 
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Figure 18: The observationally deduced MP i n the Pleiades clust er. Left panel: 
The symbols are observational data (for details see lMoraux et al"]|2004l ') and the curve 
is a log-normal fit. Right panel: The curve is the same log- normal fi t. Theoretical 
system MPs for two initial models of the Pleiades cluster according to iKroupa et al.l 
(200 ll ) are plotted at an age of 100 Myr. These models assume the young cluster to 
be deeply embedded in gas, with a star-formation efficiency of 33 %, a gas-expulsion 
time-scale shorter than the crossing time and to contain 10^ stars and BDs, whereby 
all stars and BDs are paired randomly to binary systems (i.e., in these models BDs are 
not treated as a separate population, see Sec. [8] for more realistic models). Model A 
(dashed histogram) has an initial central number density pc ~ lO'*'* stars/pc^, while 
model B (dotted histogram) has pc = 10^'* stars/pc^. The embedded phase lasts 
0.6 Myr, and during this time mass segregation develops in the initially denser cluster 
model B. Note that these models are not a fit but a prediction of the Pleiades MP, 
assuming it had a canonical IMP (Ea. l55|l . Note that the initially denser cluster (upper 
histogram) retains more BDs as a result of these being ionised off their stellar primaries 
in the denser environment of model B. Also note that the observational data suggest a 
deficit of early-type stars in the Pleia des (left panel) which is reminiscent of the deficit 
of massive stars noted for the ONC (jPflamm- Altenburg fc KroupallioO^ . 



75 



8 THE IMF OF VERY LOW-MASS STARS (VLMSS) AND OF BROWN 
DWARFS (BDS) 



2004) . In such cases the deduced age spread becomes comparable to the age 
of the cluster (Eq. [S]). Binary systems are mostly not resolved but can feign 
an apparent age spr ead even if the r e is n one in the underlying population as 
has been shown by IWeidner et all (|2009l ). Differential reddening due to in- 
homogeneously distribu ted remnant gas and dust has a significant effect on es- 
timating stellar masses (jAndersen et al.ll200t^) . But also episodic accretion onto 
the proto-stars can mimic such age spreads ( Tout et ahll 19991 : Baraffe et al.ll2009l : 
Baraffe fc Chabrieij|2010l ). The reality of age spreads is an important issue as it 
defines whether star clusters are almost coeval or host prolonged star-formation. 
The finding of 10 t o 30 Myr old dwar fs by the Lithium depletion method in the 
w 1 Myr ONC by iPalla et all (|2007l) seems to indicate the latter. But careful 
numerical calculations have shown that a collapsing molecular cloud can trap a 
corresponding a mount of stars from a surrounding o lder OB association into the 
forming cluster (jPflamm-Altenburg fc Kroupall2007l ). The ONC is embedded in 
the Orion OBI association that has an age of 10 to 15 Myr which could explain 
the older dwarfs in the ONC. 

A few results are shown in Fig. [TH] and [501 While the usual argument is 
for an invariant IMF, a s is apparent for m ost population I stars (e.g. fig. 5 in 
Chabrieill2003a : fig. 3 in Bastian et al. 2010l ). Fig. [TOl shows that some apprecia- 
ble differences in measured MFs are evident. The M35 MF appears to be highly 
deficient in low-mass stars. This clearly needs further study because M35 and 
the Pleiades appear to be otherwise fairly similar in terms of age, metallicity 
(M35 is somewhat less metal-rich than the Pleiades) and the size of the survey 
volume. 

Taking the ONC as the best-studied example of a very young and nearby 
rich cluster (age ^ 1 Myr, distance ~ 450 pc; N fti 5000 — 10000 stars and 
BDs: [ Hi llenbrand fc CarpenteJl2000l: iLuhman et alj I l200d : iMuench et al. 1 12000 : 
Kroupa 2000; Slesni ck et al.ll2004[ ). Fig. [TOlshows how the shape of the deduced 
IMF varies with improving (but still classical) pre-main sequence contraction 
tracks. This demonstrates that any sub-structure cannot, at present, be relied 
upon to reflect possible underlying physical mechanisms of star formation. 



Main results: Currently available evidence from resolved stellar populations 
largely points toward an IMF of late- type (m^ 1 Mq) stars which is independent 
of the environment and which can be described well by a power-law with an 
index of about a2 = 2.3 for m^O.5M0 and ai = 1.3 for m^O.5M0. 



8 The IMF of Very Low-Mass Stars (VLMSs) 
and of Brown Dwarfs (BDs) 

These are stars near to the hydrogen-burning mass limit (VLMS) or objects 
below it (BDs) . BDs are not massive enough to achieve sufficiently high central 
pressures and temperatures to stabilise against continued contraction by burning 
H and thus indefinitely cool to unobservable luminosities and temperatures. The 
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Figure 19: Left panel: The ob servationally deduced system m ass functions {Im = 
logio(WA^©)) (a) in tiie ONC ijHillenbrand fc Carpente3l200d) : optical data witliin 
r < 2.5 PC Tci < 2 Myr, [Fe/H]= -0.02 (jEsteban et al.l Il998h (b) in tiie Pleiades 
Hamblv et al]|l999ll: r < 6.7 p c, rd « 100 Myr, [Fe/H]= +0.01, and (c) in M35 
Barrado v Navascues eral]|200ll '): r < 4.1 pc, « 160 Myr, [Fe/H]= -0.21, wiiere 



r is tiie approximate projected radius of the survey around the cluster centre and rd the 
nuclear age. The strong decrease of the M35 MP below m « 0.5 Mq remains present 
despite using different MLRs (e.g. DM97, as in the right panel). None of these MPs are 
corrected for unresolved binary systems. The canonical individual-star IMP (Ea. l55() is 
plotted as the three straight lines assuming here continuity across the VLMS/BD mass 
range. Right panel: The shape of the ONC IMP differs significantly for m < 0.22 Mq if 
different pre-main sequence evolution tracks, and thus essentially different theoretical 
MLRs, are employed (DM stan ds for tracks calculated by D'Antona & Mazzitelli, see 
iHillenbrand fc Carpenteill2000l for details.) 
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Figure 20: Left panel: Mass segregation is very pronounced in tiie ONC, as is ev- 
ident by comparing tlie observationally dedu ced MF for all stars witiiin r = 2.5 pc 
with the MF for all stars with r < 0.35 pc ("Hillenbrand fc CarpenteJ |2000'. HCOO) 
(Im = logjQ (m/M©)). For both samples the reddening Av < 2.5 mag iHiUcnb randl 
1 1991 H97, is for an optical and spectroscopic survey, whereas HCOO is a near-infrared 
survey). Right panel: The ratio, ^h{r < 2.5pc)/^L(r < 0.35 pc) (solid dots), of the 
MFs shown in the left panel increases significantly with decreasing mass, demon- 
strating the significant depletion of lo w-mass stars in the c entral region of the ONC. 
Stellar-dynamical models of the ONC (|Kroupa et al.|[200 approximately reproduce 
this trend at an age of 2 Myr for the canonical IMF (Eg. 1551 whereby the system masses 
of surviving binary systems are counted instead of the individual stars many of which 
are in unresolved binaries) even if no initial mass segregation is assumed (at t = 0, 
^h{r < 2.5 pc)/^L(r < 0.3 5 pc) = constant). The model snapshots shown are from 
model B in iKroupa et al.l (2001) under the assumption that prior to gas-expulsion, 
the central stellar density was pc = 10^'* stars/pc"^. The dotted lines are eye-ball fits 
to the plotted data. See also Fig. I18|) . 
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term "brown dwarf" was coined by Jill Tarter in her 1975 PhD thesis, and was 
later generally accepted as a name for sub-stellar (i.e. non-hydrogcn-burning) 
objects which presumably form like stars. 

Observationally it is very difficult to distinguish between VLMSs and BDs, 
because a sufficiently young BD may have colours and spectral features cor- 
responding to a VLMS. BDs were studied as theoretical objects in 1963 by 
Havashi fc Nakanol (1963), who performed the first truly self-consistent estimate 



of the minimum hydrogen burning mass limit, mn, by computing the luminosity 
at the surface and the energy release rate by nuclear burning. Modern theory 
of the evolution and internal constitution of BDs has advanced considerably 
owing to the inclusion of an improved equation of state and realistic model- 
atmospheres that take into account absorption by many molecular species as 
well as dust allowing the identification of characteristic photometric signatures 
( Chabrier fc Baraffell200? ) . This work shows that the critical mass below which 
an object cannot be stabilised by nuclear fusion is mn — 0.075 Mq for solar 
metallicity. For lower metallicity toh is larger since a larger luminosity (due 
to the lower opacity) requires more efficient nuclear burning to reach thermal 
equilibrium, and thus a larger mass. The first BDs were detected in 1995, and 
since the n they have been found in the solar neighbourhood and in young star 
clusters (Basri'200 0|) allowing inc reasingly sophisticated estimates of their mass 
distribution (Bouvier et al.ll2003r ). 

For the solar neighbourhood, near-infrared large-scale sur veys have now iden - 
tified many dozens of BDs probably closer than 25 pc (e.g. Allen et al. 20051 ). 
Since these objects do not have reliable distance measurements an ambigu- 
ity exists between their ages and distances, and only statistical analysis that 
relies on an assumed star-fo rmation histor y for the solar neighbourhood can 
presently constrain the IMF ( Chabrierll2002l) . finding a 60 % confidence interval 
Qn = 0.3 ±0.6 for 0.04 - 0.08 approximately for the Galactic-field BD IMF 
( Allen et al1l2005l ). 

Surveys of young star clusters have also discovered BDs by finding objects 
that extend the colour-magnitude relation towards the faint locus while be- 
ing kinematical members. Given the great difficulty of this endeavour, only 
a few clusters now possess constraints on the MF. The Pleiades star cluster 
has proven especially useful, given its proximity (d « 127 pc) and young age 
(tci « 100 Myr). Results indicate uq sa 0.5 — 0.6. Estimates for ot her clusters 



(ONC, a Ori, IC 348, Cha I) also indicate ao < 0.8. In their table l. lAllen et al 



( 20051) summari se the available measu rements for 11 populations finding that 
"0 ~ — 1. And I Andersen et al. I (2008) find the low-mass IMF in 7 young star- 
forming regions to be most consistent with being sampled from an underlying 
log-normal (Chabrier) IMF. 

However, while the log-normal (Chabrier) IMF is indistinguishable in the 
stellar regime from the simpler canonical two-part power-law IMF (see Fig. 1241 
below), it is to be noted that these and other constraints on the IMF of BDs 
rely on assuming the IMF to be continuous across the stellar/BD boundary. 
In the following it will emerge that this assumption is not consistent with the 
binary properties of stars and BDs. The IMF can therefore not be a continuous 
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log- normal across the VLMS/BD boundary. 



8.1 BD and VLMS binaries 

The above estimates of the BD IMF suffer under the same bias affecting stars, 
namely from unseen companions which need to be taken into account to infer 
the true BD IMF. 

B D-BD binary syst ems are known to exist (lBasril2000 ^in the field ( Bouv et al 



20031 IClose et al-lboOSl ) and in clusters (|Martfn et al.ll2003l ). Their frequency is 
not yet fully constrained since detailed scrutiny of individual objects is time- 
intensive on large telescopes but the data suggest a binary fraction of about 
15 % only. The results show conclusively that the semi-major axis distribution 
of VLMSs and BDs is mu c h mo r e compact than th a t of M dwarfs , K dw arfs 
and G dwarfs IBouv et all (|2003[ ): IClose et all (|2003[ ): iMartm et ahl (|2003[ ) and 
Phan-Bao et al.l (|2005l ) all find that BD binaries with semi-major axis a ^ 15 AU 
are very rare. Using Monte-Carlo expe riments on publish e d mu ltiple-epoch 
radial- velocity data of VLMSs and BDs, iMaxted fc Jeffries ( 2005 ) deduce an 
overall binary fraction between 32 and 45 % with a semi-major-axis distribu- 
tion that peaks near 4 AU and is truncated at about 20 AU. In the Pleiades 
cluster where their offset in th e colour-magn itude diagram from the single-BD 
locus makes them conspicuous. iPinfield et al.l (12003,) find the BD binary fraction 
may be as high as 60 %. This, however, appears unlikely as a survey of more 
than six years UVES /VLT spectroscopy has shown the BD binary fraction to be 
10-30 per c ent and that in completeness in the few AU separation region is not 
significant (Joergensll2008[ ). Using a very deep infrared survey of the Pleiades, 
Lodieu et al.l (l2007t) suggest a BP bina ry fraction of 28 to 44 per cent, consis- 
tent with the iMaxted fc ■TeffriesI (|2005h result but only marginally so with the 
Pinfield et al.l (|2003l) value 

It has already been shown that the disruption in embedded clusters of stellar 
binaries in a stellar population which initially consists of 100 per cent binary 
stars with periods (i.e. binding energies) consistent with the observed pre-main 
sequence and proto-stellar binary data (Eq. l46l) leads to the observed main- 
sequence binary population in the Galactic field ((Kroupa.l995dl : Goodwin fc Kroupal 
20051 iMarks fc Kroupalboill ). Systems with BD companions have an even lower 
binding energy, and the truncated semi- major-axis distribution of BDs may be a 
result of binary-disruption in dense clusters of an initial stellar-lik e distribution 



This notion is tested by setting-up the star-like hypothesis (jKroupa et al 

20031) : 



Star-Like Hypothesis for BDs: BDs form as stars do from molecular-cloud 
cores. 



The Star-Like Hypothesis implies that BDs form according to the same 
binary pairing rules (the BBP, Eq. I46p as stars do. 

If BDs form as stars do then this hypothesis ought to be true since ob- 
jects with masses 0.04 — 0.07 A/q should not have very different pairing rules 
than stars that span a much larger range of masses (0.1 — 1 Mq) but show 
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virtually the same period-distributi on function independen t ly of primary mass 
(the M-, K- and G-dwarf samples, iFischer fc Marcvl Il992t iMavor et all Il992l : 
Duquennov fc Mavoiill99ll respectively). Thus, the hypothesis is motivated by 
observed orbital distribution functions of stellar binaries not being sensitive to 
the primary mass, which must come about if the overall physics of the forma- 
tion problem is similar. Further arguments for a star-like origin of BDs comes 
from the detection of accretion onto and disks about very young BDs, and that 
the BDs and stars in Taurus- Aurig a have indistinguishable spatial and velocity 
distributions (|White fc Basrill2003l ). 



Assuming the Star-Like Hypothesis to hold, iKroupa et all (|200lL 120031) 
perform iV-body calculations of ONC- and Taurus-Auriga-like stellar aggre- 
gates to predict the semi-major-axis distribution functions of BD-BD, star-BD 
and star-star binaries. These calculations demonstrate that the binary pro- 
portion among BDs becomes smaller than among low-mass stars after a few 
crossing times, owing to their weaker binding energies. The distribution of sep- 
arations, however, extends to similar distances as for stellar systems (up to 
a w 10"^ AU), disagreeing completely with the observed BD-BD binary distri- 
bution. The Star-Like Hypothesis thus predicts far too many wide BD-BD 
binaries. This can also be seen from the distribution of binding energies of real 
BD binaries. It is very different to that of stars by having a low-energy cut- 
off, ^°-Ebin,cut ~ -10"°-^ Mq (pc/Myr)2, that is much higher than that of the 
M dwarfs, '^£;bin,cut ~ -IQ-^M© (pc/Myr)^ (Fig. [21]). This is a very strong 
indicator for some fundamental difference in the dynamical history of BDs. 

Furthermore, the iV-body distributions contain a substantial number of star- 
BD pairs, wh ich also disagrees with the existenc e of very few BD companions to 
nearby stars ( Basrill2000t |Phan-Bao et al.ll2005 ). Basically, if BDs form exactly 
like stars, then the number of star-BD binaries would be significantly larger 
than is observed, since for example G-dwarfs prefer to pair with M-dwarfs (why 
should BDs be any different from M dwarfs in their pairing to G dwarfs?). The 
observed general absen ce of BD companions is referred to as the BD desert 
{ Zucker fc Mazch 2001),^ since stellar companions and planets are found at such 
separations (Halbwachs et al. I l2000t IVoet et al.ll2002l) . A few very wide star- 
BD systems can form durin g the final stages of dissolution of a small cluster 
( de La Fuente Marc os 'im^) ^ and thre e such common proper-motion pairs have 
perhaps been found (Gizis et al.ll200l[ ). 



Finally, the Star-Like Hypothesis also predicts far too few star-star bi- 
naries in Taurus- Auriga, where binary disruption has not been active. This 
comes about because the large number of star-BD systems in this model limits 
the number of star-star binaries given the finite number of stellar primaries. 

It is thus concluded that the observed BD population is incompatible with 
the Star-Like H ypothesis. Therefo re BDs need to be trea ted as a separate, or 
extra, population (Krou pa et al. I l2003h . This is confirmed bv lParker &: GoodwinI 
( 20111 ). who constrain BD binary properties from the observed ones given that 
their dynamical evolution in the birth clusters needs to be corrected for. 
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Figure 21: The distribution of binding energies, -Ebin = —Gmim2/{2a), of BDs 
(solid line) compared to those of M dwarfs (MDs, dashed line). The BD distribu- 
tion is computed as a Gaussian distribution based on BD/VLMS data from the Very 
Low Mass Binary Archive (http://vlmbinaries.org). Specifically, the Gaussian dis- 
tribution has a mean semi-major axis logio(amGan/AU) = 0.6 with a half- width of 
logio ((Ta/ AU) = 0.4. The upper and lower envelopes correspond to BD binary frac- 
tions of /bd = 0.25 and 0.15, respectively (area under the curve s). The MP en- 
ergy d istribution is computed by Eissuming the a-distribution from iFischer fc Marcvl 
l|l992l ) (which is practically identical to that of G dwarfs) and choosing 10^ masses, 
rrii £ (0.1 — 0.5 Mq), from the canonical stellar IMF (Eq.l55p and random pairing. For 
the MDs the Gaussian distribution has logio (amcan/AU) = 1.5 and logio((Ta/AU) = 1.3 
such that /md = 0.45 and 0.35 for the upper and lower envelopes, respectively. 
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BD/Star Population Synthesis Theorem: When setting up a population 
of BDs and stars, BDs need to be algorithmically treated separately from the 
stars. 



Proof : The BD dess e rt, see the rejection of the Star-Like Hypothesis above 
and / or iKroupa et"al ( 2003 ). End of proof. 



A practical formulation of this theorem is posed as a Gedanken Experi- 
ment on p. [87l 



8.2 The number of BDs per star and BD universality 



Briceno et al.l (120021 ) report that Taurus- Auriga appears to form significantly 
fewer BDs per star than the ONC. Both systems are very different physically 
but have similar ages of about 1 Myr. This finding was interpreted to be the 
first possible direct evidence of a variable IMF, being consistent qualitatively 
with the Jean-mass, 



(50) 



being larger in Taurus-Auriga than in the ONC because its gas density, p, is 
smaller by one to two orders of magnitude, while the temperatures, T, are 
similar to within a factor of a few fSec. II. 4| ). 

Given this potentially important finding. [Kroupa et al. (2003) computed A''- 
body models of the stellar aggregates in Taurus- Auriga in order to investigate 
the hypothesis that BDs form star-like. They find that the same initial number 
of BDs per star in Taurus- Auriga and in the ONC leads to different observed 
ratios because BD-BD and star-BD binaries are disrupted more efficiently in 
the ONC; the observer thus sees many more BDs there than in the compar- 
atively dynamically unevolved Taurus- Auriga groups. But, as already noted 
above, the Star-Like Hypothesis must be discarded because it leads to too 
many wide BD-BD binaries, and also it predic ts too many star-BD binaries. 
Given this problem, iKroupa fc Bouvieii (|2003al) study the production rate of 
BDs per star assuming BD s are a separate population, such as ejected embryos 
(jReipurth fc Clarke 2001), or as gravitational instabilities in exte nded circum- 
proto-stellar disks J coodwin fc Whitworthll2007l: Irhies et ahlboiOl ). Again they 
find that both, the physically very different environments of Taurus- Auriga and 
the ONC, can have produced the same ratios (about one BD per 4 stars) if BDs 
are ejected embryos with a dispersion of ejection velocities of about 2 km/s (this 
number is revised to 1.3 km/s below). 



Ba sed on some additional observations, iLubmanl (|2004[ ) revised the lBriceho et al 
( 20021 ) results by finding that the number of BDs per star had been underes- 



timate d in Taurus- Auriga. Since the new spectroscopic study of ISlesnick et al 



2004) also revised the number of BDs per star in the ONC downwards . iLuhman 
20041) retracts the significance of the claimed difference of the ratio in Taurus- 
Auriga and the ONC. Is a universal, invariant, BD production scenario still 
consistent with the updated numbers? 
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Let the true ratio of the number of BDs per late-type star be 



^_ N{0.02-0MMq) _ 7VBD,tot 



7V(0.15- I.OMq) 



(51) 



Note that here stars more massive than 1.0 Mq are not counted because Taurus- 
Auriga is mostly producing late-type stars given the limited gas mass available 
(see also Fig. [5]). But the observed ratio is 



-Robs 



st.obs 



since the observed number of BDs, iVBD,obs is the total number produced mul- 
tiplied by the fraction of BDs that are gravitationally bound to the population 
(B) plus the unbound fraction, U, which did not yet have enough time to leave 
the survey area. These fractions can be computed for dynamical models of the 
Taurus- Auriga and ONC and depend on the mass of the Taurus- Auriga sub- 
groups and of the ONC and on the dispersion of velocity of the BDs. This 
velocity dispersion can either be the same as that of the stars if BDs form like 
stars, or larger if they are ejected embryos (jReipurth fc Clarkell200ll ). The ob- 
served number of "stars" is actually the number of systems such that the total 
number of individual stars is iVst,tot = (1 + /) -^st.obs, where / is the binary 
fraction of stars (Eq. |48| . Note that here no distinction is made between single 



or binary BDs, which is re asonable given t he low binary fraction (about 15 %) of 
BDs. For Taurus- Auriga. iLuhmanI ( 20041 ) observes i?TA,obs = 0.25 from which 
follows 

i?TA=0.18 since /ta = l,B + U = 0.35 + 0.35 (53) 

( Kroupa et al. 2003 ). According to ISlesnick et al. (2004), the revised ratio for 
the ONC is i?oNC,obs 



0.28 so that 



i?ONC = 0.19 because /onc = 0.5, B+U = 1 + 



(54) 



(jKroupa et al.l 120031) . Note that the regions around the stellar groupings in 
Taurus- Auriga not yet surveyed should contain about 30 % of all BDs, while all 
BDs are retained in the ONC. The ONC and TA thus appear to be producing 
quite comparable BD/star number ratios. 

Therefore, the updated numbers imply that about one BD is produced per 
five late-type stars, and that the dispersion of eject ion velocities i s (Jei ^ 1-3 km/s. 



These numbers are an update of those given in iKroupa et al.l ( 20031 ) . but the 
results have not changed much. Note that a BD with a mass of 0.06 Mq and 
a velocity of 1.3 km/s has a kinetic energy of 10~^'^^Mo (pc/Myr)^ which is 
rather comparable to the cut-off in BD~BD binding energies (Fig. [2T|) . This 
sup ports the notion that m o st BD s m ay be mildly ejected embryos, e.g. from 



the ICoodwin fc WhitworthI (|2007f ) and iThies et all (|2010t ) circum-proto-stellar 
disks. 

It appears thus that the different physical environments evident in Taurus- 
Auriga and the ONC produce about the same number of BDs per late-type star. 
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so that there is no convincing evidence for differences in the IMF among current 
nearby star-forming regions across the hydrogen burning mass hmit. 

There is also no substantial evidence for a difference in the ste llar IMF 
in the se two star-forming regions, contrary to the assertion by e.g. iLuhman 
( 20041 ). Fig. [22] shows the MF in four young clusters. The caveat that the 



classical pre-main sequence evolution tracks, upon which the observational mass 
determinations rely, are not really applicable for such young ages (Sec. l7.4|) needs 
to be kept in mind though. Also, the observationally derived MFs are typically 
obtained by treating the luminous objects as single, while a majority are likely 
to be binary. 



8.3 BD flavours 



BDs ca n come in different flavours depending on their formation (IKroupa &: Bouvier 
2003al) : star-like BDs, ejected embryos, collisional BDs and photo-evaporated 
BDs. As seen above, star-like BDs appear to be very rare, because BDs do not 
mix with stars in terms of pairing properties. This is supported theoretically 
because in order to have a cloud core produce only a BD or a BD-BD binary it 
needs to acquire an extreme density to become gravitationally unstable. Such 
conditions are very rare in typical turbulent mol ecular clouds that have Mach 
numbers <6 (jHennebelle k Chabriei]l2008l l2009l ). 

A more recently discussed possible channel of BD formation is via the frag- 
mentation of massive circum-stellar disks (FMCSDs) beyond about 100 AU and 
subsequent dynamical separation of the resulting weekly bound BD companion 



subsequent dynamical separation ot tne resulting weekly bound tiL> companion 
dCoodwin &: Whitworthll2007l:IStamatellos et al. ll2007al:ISta matellos fc Whitworth 



2009HThies et al.ll2010tlBasu fc VorobvovlbOlC This mechanism for producing 
BDs can be considered a revised version of the ejected BD scenario. It appears to 
be the most promising physical mechanism for producing the dominant flavour 
of BDs. 

An environmental depen dency of the VLMS and B D IMF is expected for the 
FMCSD channel as shown bv lStamatellos et al. ( 201l[ ). They point out that disk 
fragmentation is enhanced when the star plus disk accretes episodically as long 
as the accretion intervals are long enough to allow the disk to cool. In dense 
environments episodic accretion would occur too frequently thereby inhibiting 
fragmentation as the accreting star's luminosity is kept as a high accretion 
luminosity thereby heating the disk. 

The collisional removal of accretion envelopes for the production of unfin- 
ished stars nee ds to be discounted as a source for BDs because this process 
is far too rare (jKroupa fc Bouvieiil2003a[) . The removal of accretion envelopes 
through photo-evaporation can occur, bu t only within the immediate v icinity 
of an O star and never in Taurus- Auriga (jWhitworth &: Zinneckeiil2004[ ). Even 
in the presence of s ome ionising st a rs, as in the cluster NGC 6611 which ionises 
the Eagle Nebula, lOliveira et al. (l2009l) fin d no measurable effect of photo- 
evaporation on the sub-stellar MF. However, iKroupa fc Bouvieii (j2003ar ) show 
that the radius within which photo-evaporation may be able to remove substan- 
tial fractions of an accretion envelope within 10^ yr is comparable to the cluster 
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-1 -0.5 



Figure 22: The observationally determined MPs in four young clusters, ttie names and 
approximate ages of wliicli are indicated in tlie panels, are shown as the histograms or 
da ta with error bars. The thick solid (red) curve is the model of unresolved systems 
bv lThies fc Kroupal l|200'it . In this model the stars have a binary fraction of 100 per 
cent in Taurus and 50 per cent in the other cases, with companion masses selected 
randomly from the canonical IMF (Eq. I46p . The two-part power-law canonical IMF 
(Eq. I55|l is shown as the thick dashed line. The BDs are described by the additional 
power-law IMF shown as the dotted (blue) line. In the model they have a binary 
fraction of 15 per cent and do not mix witSfithe stars (the brown dwarf desert). It can 
be seen that the model is essentially invariant and leads to an excellent description 
of the data despite the BD and stellar IMFs being discontinuous (Fig. I23|) . Further 
details are found in Sec. 18.41 
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size in star-burst clusters that contain thousands of O stars. In such chistcrs 
photo-evaporated BDs may be very common. Globular clusters (GCs) may then 
be full of BDs. 

GC-BD Hypothesis: In GCs the number ratio of BDs to stars may be very 
large (> 1/5). 



8.4 The origin of BDs and their IMF 

It has thus emerged that in order to construct a realistic stellar and BD popula- 
tion, BDs and VLMSs need to be treated according to a different initialisation 
algorithm to that of stars. They need to be separated when setting up the binary 
populations. This can be visualised with the following Gedanken Experiment 
which is a practical formulation of the BD/Star Population Theorem on 
p. [Ml 



Gedanken Experiment: Imagine a box contains BDs, M-, K- and G-dwarf 
stars. In order to pair these to obtain the correct birth binary population (p. [38]), 
a distinction between M-, K- and G-dwarfs need not be made. But, nearly every 
time a BD is picked as a companion to a star, or a star is picked as a companion 
to a BD, the system needs to be discarded. 



The physical interpretation of this mathematical result is that BDs form along 
with stars, just as planets do, but, just like planets, they do not result from 
the same formation mechanism. Rather, similarly as planets, BDs stem from 
gravitationally pre-processed material. 

Indeed, the conditions in a molecular cloud core very rarely are such that a 
dense-enough core can collapse under self-gravity without accreting too much 
material for it to not transcend the BD / star mass boundary, which is why most 
BDs do not derive from a star-like origin (see also Sec. 111.2]) . But the outer re- 
gions of circum-proto-stellar disks accumulate material which has time to loose 
entropy (Sec. 18. 3|) . These outer regions are sufficiently dense to locally collapse 
under self gravity either because they become unstable or because they are per- 
turbed. They are not too dense and thus remain optically thin for a sufficiently 
long time to allow the collapsing object to cool radiatively, and the region around 
the collapsing object has a limited supply of local disk material. Fragmentation 
may occur in mar ginally stable disks upon an external perturbation by the grav- 
ity of other stars ( Thies et al. 20051 2010l ) or by the gas-dynamical interaction 



of two disks ( Shen et al.l ^2010V Both such processes thus enlarge the parameter 



space of circum-stellar disk conditions for BD formation since most stars form 
in a clustered mode. 

A circum-proto-stellar disk therefore sets the boundary conditions in favour 
of BD formation. This is the same, but even more extreme, for planet forma- 
tion, for which a highly processed molecular cloud core is required in the sense 
that gravo-hydrodynamical dynamics is augmented significantly by the dynam- 
ics between solid particles in a circum-stellar disk. Thus, while the formation 
of BDs is still a purely gravo-hydrodynamical process within an extended disk. 
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planet formation is seeded by the coagulation of dust to larger solids which may 
then induce gas accretion from the circum-stellar disk. 

The differences in the binary properties of BDs and stars therefore indicate 
that they are two different classes of objects with their own separate mass 
distributions. The MF of planets i s also never considered a continuous extension 



of the stellar IMF ( Dominikll201lD . 



The IMF of BDs needs to be derived from the observational star count data 



by taking the above into account. iThies fc Kroupal (|2007l 120081 ) have done 



so. The results for Taurus-Auriga, the ONC, IC 348 and Pleiades demonstrate 
that the IMF appears to be universal with ao « 0.3 albeit with a significant 
discontinuity near 0.1 Mq (Fig. [22). The data imply that there is an overlap 
region: for the analysis to correctly account for the observed data there must 
be VLMSs that form as BDs do, while there are massive BDs that form as 
stars do (Fig. [23]) . Without account of this overlap the IMF as well as the 
binary properties a s a function of mass may feign continuity (as suggested by 
Kaplan et al ] l2ni2[) . Noteworthy is that this analysis re-derives the same BD- 



to-star fraction as deduced above: about one BD for ms per five stars . The 
same result on the number ratio has been inferred by lAndersen et al. I (l2008l) 



who however need to describe the BD MF as a decreasing log-normal form as a 
result of insisting the IMF to be continuous across the BD/stellar mass range. 
As stated above, this approach cannot account for the BD-dcscrt and the correct 
approach is to treat the BDs/ VLMSs as a distinct population from the stars 
implying two separate IMFs for BDs and stars. This correct approach leads 
to a power-law solution for the BD MF with a « 0.3, i.e. a mildly rising MF 
towards small masses, and separate BD and stellar IMFs. 

The universality of the BD-stellar IMF is interesting, and may suggest that 
the formation of BDs is mostly dependent on the conditions prevalent in circum- 
proto-stellar disks. Indeed, in a lar ge ensemble o f SPH simulations of circum- 
stellar disks in young star clusters, Thies et al. ( 2010t ) find that a theoretical 



BD and VLMS MF emerges which is the same as the observationally deduced 
one. 

The observational and theoretical result that the BD-branch becomes in- 
significant (i.e. the the BD MF falls of steeply) above 0.1 — 0.2 Af© follows from 
a combination of two effects: the limited amount of material around late-type 
pre-main sequence stars that can be accreted onto a gravitational instability 
within the outer region of a circum-proto-stellar mass and the rare occurrence 
of massive proto-stars which are likely to have massive disks. 



Main results: Brown dwarfs are a separate population when compared to 
stars due to their distinct binary properties. The BD IMF has a power-law index 
ao ~ 0.3 and the IMF is discontinuous but with a significant overlap of masses 
between the sub-stellar and stellar regime. This may hide the discontinuity 
unless a proper analysis is done. About one BD forms per five stars. 
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9 The Shape of the IMF from Resolved Stellar 
Populations 

From the above discourse it thus becomes apparent that we have good con- 
straints on the stellar and BD IMF. These are valid only for the regime of 
present-day ( "normal" ) star formation, i.e. star-formation densities p ^ 10^ Mopc 
and metallicities [Fe/H] > —2. Since stars are formed as binary systems (Sec. 12.61) 
the system IMF is provided in Sec. 19.21 for binary fractions of 100 % (the birth 
system IMF) and for a binary fraction of 50 % (the typical Galactic-field or open 
star cluster system IMF). The Galactic-field IMF, which is the IGIMF valid for 
the Milky Way, is provided in Sec. 1131 In Sec. [Hit is concluded that the IMF 
becomes top-heavy for star formation under denser conditions and that it may 
be bottom-light under metal-poor conditions. 

The distribution of stars by mass in "normal" systems is a power-law with 
exponent or index a2 ~ 2.3 for stellar masses m ^ 0.5 Mq. There exists a phys- 
ical stellar mass limit, mmax* ~ 150 Mq such that m < rriniax* (Sec. IS]). The 
distribution of stars below the K/M dwarf transition mass, 0.5 Mq, can also 
be described by a power law, but with exponent ai ~ 1.3 (Sec. [7]). Given 
the latest results described in Sec. [U the mass-distribution below the mass 
mi w 0.1 A/q is uncertain, but measurements indicate a power-law with ex- 
ponent < ao < 1. Because the binary properties of VLMSs and BDs differ 
substantially from those in the low-mass star regime, it emerges stringently that 
BDs and some VLMSs need to be considered as a separate population that is 
linked-to, but different from stars. Fitting a functional description of the mass 
distribution with the continuity constraint across mi would therefore be wrong. 
It follows that one single function such as the log-normal form, which may be 
associated with the likelihood of occurrence of masses from the fragmentation 
limilP^. Too ~ 0.01 Mq, through to the physical stability limit, TOmax*, is not 
the correct description of the stellar and BD IMF 

With these recent insights (power-law IMF over two orders of magnitude in 
mass and discontinuity near the sub-stellar mass limit), little of the argument for 
the advantages of a log- normal or any other mathematical form (Table [3] below) 
remains. Indeed, any such other mathematical form has the disadvantage that 
the tails of the distribution react to changes in the parametrisation in a way 
perhaps not wanted when testing models. To give an example: a single log- 
normal form would change the slope of the IMF at large masses even if only the 
LF for late-type stars is to be varied. The canonical (Eq. [55]) two-part power- 
law stellar IMF, on the other hand, would allow changes to the index at low 
masses without affecting the high-mass end, and the addition of further power- 

^® When a cloud collapses its density increases but its temperature remains constant as long 
as the opacity remains low enough to enable the contraction work to be radiated away. The 
Jeans mass (Eq. I50I I consequently decreases and further fragments with smaller masses form. 
When, however, the density increases to a level such that the cloud core becomes optically 
thick, then the temperature increases, and the Jeans mass follows suit . Thus an opacity- 
limited minimum fragmentation mass of about 0.01 Mq is arrived at llLow fc Lvnden-Belll 
119761 : lBosslll986l : lKuma"ill2003l : lBatell2005f) . 
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law segments is mathematically convenient. The canonical two-part power-law 
stellar IMF also captures the essence of the physics of star formation, namely a 
featureless power-law form for the largest range of stellar masses, and a turnover 
near some fraction of a solar mass. This turnover appears to be present already 
in the pre-stellar cloud-core MF and may be due to the decreasing likelihood 
that low- mass cloud clumps collapse under self-gravity fSec. I11.2|) . 



9.1 The canonical, standard or average IMF 



The various constraints arrived at above are summarised by an IMF that is a 
single power- law for BDs and a two-part power-law for stars (Eg. [55|). using the 
notation from Eq. |4] and [3 



The Canonical IMF: (m is in units of Mq) 

t / \ ^ / ,„ x-0.3±0.4 



6tar(™) 



-1.3±0.3 



( m \ 
.0.07/ 

( 0.5 x-l-3±0.3 

\0.Q7) 



-2.3±0.36 



0.01 < TO<0.15, 

0.07 < TO < 0.5, 
0.5 < TO < 150 



(55) 



The uncertainties are discussed in Sec. 19.41 This is the individual-star/BD IMF 
which is corrected fully for multiple companions. That is, in a star-formation 
event, the distribution of stars and of BDs that form are given by this IMF. The 
constraint that the population be optimally sampled (p. 1261) may be invoked. To 
formulate a realistic stellar and BD population would then require these stars 
and BDs to be distributed into stellar and BD binaries fSec. 12.61 19. 2p . 

Note that this form is a two-part power-law in the stellar regime, and that 
BDs contribute about 4 per cent by mass only and need to be treated as a 
separate population such that both IMFs overlap between about 0.07 Mq and 
O.15M0 (Fig. [23)) . The gap or discontinuity between the BD and the stellar 
IMF can be measured by the BD-to-star ratio at the classical B D-star border 
TOh y 0.075 MfD, with £Rn(TOH)/£ st.a,r(TOH) ~ |, Le. /cbd ~ 1/3 (jKroupa et al 



2003HThies fc Kroupall2007L l2008l) . 

The canonical IMF can also be described as a log-normal function for low- 
mass stars with a power-law extension to massive stars, yielding the log-normal 
canonical IMF. 



The Log-Normal Canonical IMF: (m is in units of Mq 

0.3±0.4 



eBD(m) = /c/CBD 



{Im—lnic)'^ 



0.01 < m<0.15. 



0.07 < TO < 1.0, 
1.0 < TO < 150 



(56) 
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Figure 23: Left frame: The canonical IMF {solid line, Eq. [55ll with separate BD 
and stellar components. The upper and lower envelopes of the shaded regions are the 
minimum and maximum IMF when the uncertainties are taken into account. Both 
components overlap between 0.07 and 0.15 Mq. Right frame: The sum of the BD and 
the stellar components as it would appear to an observer if perfect mass-measurements 
were available of all stars and BDs in all multiple systems. Note the "bump" that 
marks the overlap region. However, as demonstrated in Fig. 1221 the real observational 
data wash out such features owing to the measurement uncertainties and the errors in 
transforming observed fluxes to masses. The model mass-histograms (thick red lines 
in Fig. I22p then fit the observed mass- histograms excellently for the young clusters for 
which such data are available. 
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In Eq.[56]/rnc = logio"^c/-^^0, continuity is assured at 1 Mq and '^BD("^H)/fstar("T.H) 
« i , as in Eq. [S5] 

A least-squares fit of the log-normal canonical IMF to the two-part power- 
law form fEg.lSSp. whereby /q^qy m^lm) dm = 1 Mq for both (m in Solar units), 
yields rUc = 0.055 and aim = 0.75 with A = 0.2440 for continuity at 1 Mq 
and fcBD = 4.46 to ensure Cbd(0.75 MQ)/<^star(0.75 Mq) — 1/3 as being the best 
log-normal plus power-law representation of the canonical IMF. Alternatively, 
the Chabr ier paranietrisat ion has rric — 0.079;j^g;Q2i -^0 ^'^d ~ 0-69+o.o5 



(table 1 in lChabrieij|2003aD with A = 0.2791 and A:bd = 4.53. 

The three forms of the canonical IMF are compared in Fig. [Ml The best-fit 
log-normal representation of the two-part power-law canonical IMF is indistin- 
guishable from the Chabrier result, demonstrating the extreme robustness of 
the canonical IMF. 

The above canonical or standard forms have been derived from detailed 
considerations of star-counts thereby representing an average IMF: for low-mass 
stars it is a mixture of stellar populations spanning a large range of ages (0 — 
10 Gyr) and metallicities ([Fe/H] ^ — 2). For the massive stars it constitutes a 
mixture of different metallicities ([Fe/H] ^ — 1.5) and star- forming conditions 
(OB associations to very dense star-burst clusters: R136 in the LMC). Therefore 
the average IMF can be taken as a canonical form, and the aim is to test the 
IMF Universality Hypothesis: 



IMF Universality Hypothesis: the canonical IMF (Eq. [55l [56|) consti- 
tutes the parent distribution of all stellar populations that form with densities 
p<^ lO^Mg/pc^ and metallicities [Fe/H] > - 2. 



Negation of this hypothesis would indeed imply a variable IMF. For larger den- 
sities evidence has emerged that the IMF becomes top-heavy (Eq. [64]) . Also, 
evidence has emerged that the IMF may have a metallicity dependence (Eq. [63|) . 



9.2 The IMF of systems and of primaries 

The canonical stellar IMF (Eq. [55)) is the distribution of all stars to have formed 
together in one star- forming event. However, since stars form as binary systems 
it is also useful to consider the form of the system IMF which results from pairing 
stars chosen randomly from the canonical stellar IMF. Random pairing is a good 
description of late- type stellar systems in birth environments, but massive stars 
tend to prefer more similar- mass companions (Sec. 12.61) . The system IMF is 
given by Eq. [57] by approximating the mass distribution by a power-law with 
index ai between 0.15 and 0.5 Mq. It is assumed that all stars are in binaries, 
i.e. / = 1 and, for completeness, the system IMF for a binary fraction of 50 % 
is also evaluated. The actual mass distributions are plotted in Fig. [25] 

The system IMF: 

ai = +0.66 ±0.3 , 0.15 < m/Mg < 0.65 , (/ = 0.5) , . 

ai « -0.22 , 0.15 < jti/Mq < 0.65 , (/ = 1). ^ ' 
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Figure 24: A comparison between the three canonical IMFs: the two-part power-law 
IMF (Eq. 1551 solid red curve) and the log-normal plus power-law IMF (Eq. 1561 the 
"best-fit-canonical IMF" and the "Chabrier IMF") in the interval from 0.07 to 
4M0. Plotted is the number of stars per mass interval versus the stellar mass, both 
scales being logarithmic. The IMFs are normalised such that /q^q^ m£^{m) dm — 1 Mq, 
where m is the mass in Solar units. Note in particular that the three IMF forms are 
indistinguishable over the whole mass interval. They are identical above a mass of 
1 Mq , except for a slightly different normalisation factor. 
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Figure 25: Left panel: The system IMF is shown in blue and the system BD/VLMS 
IMF is in red. The thick curves are for a binary fraction among stars of / = 50 % 
and for a BD binary fraction of /bd — 20%. Random pairing of companion masses 
is assumed (Sec. [23)) from the canonical stellar (0.07 to 150 M©) and BD (0.01 to 
0.15 Mq) IMFs. These are shown here as the thin dotted curves for binary fraction = 
(Eg. 1551 also plotted in Fig. [23J. Note the flat extension at the lowest-mass end of the 
stellar system IMF. It comes from the fact that below 0.14 Mq all stars are single since 
the minimum system mass is twice the minimum stellar mass (0.07 M©). The bump at 
the high-mass end of the BD system distribution comes from the most massive systems 
having masses larger than the most massive BD/VLMS (0.15 Mq) in this model. The 
medium dashed stellar system IMFs are for an initial stellar binary fraction of 100 %, 
as would be found in dynamically not evolved star-forming regions. Right panel: the 
same but plotting only the IMF of primary masses. Note the significant difference 
between the canonical IMF and the system/primary-star IMFs in both panels. The 
system IMF and the IMF of primaries are approximated by Eq. l57l and l58l respectively. 



Note that in each case ao ~ 0.2 ± 0.4 (/bd — 0.2, random pairing) and a2 = 

2.3 (rn>0.65Mo) as in the canonical stellar IMF (Eq. [55)) . 

Note that the binary effect contributes Aa « 0.64 for / = 0.5 and Aa « 1.5 
for / = 1 where Aa is the difference between the canonical ai = 1.3 and the 
above values. 

The IMF of primary stars, which may be closer to an observed IVIF since com- 
panions are usually faint and would be lost from the star-count, is given by 
Eg . [58l following the same procedure as for the system IMF. 

The IMF of primary stars: 

ai==+1.0±0.3 , 0.15 < to/Mq < 0.50 , (/ 0.5) , . 

ai==+0.7±0.3 , 0.15 < to/Mq < 0.50 , (/ = !)• 

Note that in each case ao — 0.2 ± 0.4 (/bd = 0.2, random pairing) and a2 = 
2.3 (to>0.5 Mq) as in the canonical stellar IMF (Ea. [55)) . 
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9.3 The Galactic-field IMF 



The Scalo power- law index as — 2.7 {m^l Mq) was inferred by IScalol (Il98fih 
from star counts for the MW disk population of massive stars such that the 
three-part-power law KTG93 IMF needs to be identified with the composite 
IMF (i.e. the IGIM F) introduced in Sec. [H arriving at the KTG93 IMF 
(jKroupa et al. I ll993l) . [t is updated in Eq. [59] to account for the separate BD 
and stellar populations. 



The Galactic-field (KTG93) stellar IMF: 



ao = +0.3 ±0.4 



ai = +1.3 ±0.3 
a2 = +2.3 + 0.3 
as = +2.7+0.4 



0.01 < m/Af0< 0.15 

10)7 <m/MQ < 0.50 

0.5 < tti/Mq < 1 

1 <m/MQ 



n = 0, (BDs) 



n 
n 



(stars) 



(59) 



The Galactic-field (KTG93) IMF is the IMF of all young stars within the Galac- 
tic disk assuming all multiple stars can be resolved. It is not equal to the canon- 
ical IMF for TO ^1 M(7| . In the LMC the field-star IMF is known to be steep, 
Qfa « 4.5 (|Massevll2003h . 



9.4 The alpha plot 

A convenient way for summarising various studies of the IMF is by plotting 
independently-derive d power-law indices in dependence of the stellar mas s over 
which they are fitted te calolll998t lKroupal[2001bl. l2002t Iffillenbrandlliool . The 
upper panel of Fig. [26] shows such data: The shape of the IMF is mapped by 
plotting measurements of a at < Im >— (Zto2 — /toi)/2 obtained by fitting 
power- laws, ^(to) oc to~", to logarithmic mass ranges Imi to l m2 (not indi cated 
here for clarity) . Circles and triangles are data compiled bv IScalol ( 1998f) and 
Kroupal (|2001bl ) for MW and Large-Magellanic-Cloud (LMC) clusters and OB 
associations, as well as newer data, some of which are emphasised using different 
symbols (and colours). Unresolved multiple systems are not corrected for in all 
these data including the MW-bulge data. The canonical stellar IMF (Eq. [55]) , 
corrected for unseen binary-star companions, is the two-part power-law (thick 
short-dashed lines). Other binary-star-corrected solar-neighbour hood- IMF mea- 
surements are indicated as (magenta) dotted error-bars. 

In the lower panel of Fig. [26] are plotted the luminosities of main-sequence 
stars and the stellar lifetimes as a function of mass on the same mass-scale as 
the alpha plot shown in the upper panel. 

For TO > 1 Mf7i correction for unseen c ompanions does not affect the IMF 
(|Mai'z Apellanidl2008t IWeidner et al.ll2009l ). The M dwarf (0.1 - 0.5 Mq) MPs 
for the various clusters are systematically flatter (smaller ai) than the canon- 
ical IMF, which is mostly due to unresolved multiple systems in the observed 
values. This is verified by comparing to the system IMF for a binary fraction 
of 50 % (Eq. [57]). Some of the data do coincide with the canonical IMF though. 
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and iKroupa (l2001bl) argues that on correcting these for unresolved binaries the 



underlying true individual-star IMF ought to have ai « 1.8. This may indicate 
a systematic variation of ai with metallicity because the data are young clusters 
that are typically more metal-rich than the average Galactic field population for 
which ai = 1.3 (Eq. [12] below) 

A power-law extension into the BD regime with a smaller index (ao = -t-0.3) 
is shown as a third thick short-dashed segment, but this part of the mass dis- 
tribution is not a continuous extension of the stellar distribution, as noted in 
Sec. ill 

The upper and lower thin short-dashed lines are the estimated 99 % confi- 
dence range on ai. The usual one-sigma uncertainties adopted in Eg. 1551 are, 
however, estimated from the distribution of a values in Fig. and Fig. [571 

The long-dash-dotted horizontal lines in Fig.[26]labeled "SN" are those IMFs 
with as = 0.70(1.4) but ao,ai,a2 as in Eq. [55l for which 50 % of the stellar 
(including BD) mass is in stars with 8 — 50(8 — 120) M©, respectively. It is 
noteworthy that none of the available resolved clusters, not even including the 
Local Group star-burst clusters, have such a top-heavy IMF. 

The vertical dotted lines in Fig.[2n|delineate the four mass ranges over which 
the Galactic-field IMF is defined (Eq. [59)1 , and the shaded areas highlight those 
stellar mass regions where the derivation of the IMF is additionally complicated 
especially for Galactic fiel d stars: for 0.07 < m/M r--) < 0.15 long pre-main 
sequence contraction times (jChabrier fc Baraffdl200flh make the conversion from 



an empirical LF to an IMF (Eq. [T|) dependent on the precise knowledge of 
stellar ages and the star-formation history and for 0.8 < m/M© < 2.5 uncertain 
main-sequence evolution. Galactic-disk age and the star-f ormation history of 
the MW disk do not all ow accurate IMF determinations ( Binnev et al. 2000l : 
Elmegreenfc Scaloll2006l ). 



9.5 The distribution of data points in the alpha-plot 

The first thing to note about the data distribution in the alpha-plot is that there 
is no readily discernible systematic difference in IMF determinations neither 
with metallicity nor density of the population (cf. Fig. [H]). 

In order to understand the orig in and riature of the dispersion of power-law 
indices evident in the alpha plot, 'Kroupa| (|2001bl ) investigates the dispersion 
of a values for a given mass interval using Aarseth-iV-body models of evolving 
clusters. The result is that the dispersion can be under stood in terms of statis- 
tical sampling from a universal IMF (as also found by lElmegreenl[T997l . ll999h 



together with stellar-dynamical biases [if|. Optimal Scampling (Sec. 12. 2p was 
not available in 2001 so that statistical variations that arise by randomly sam- 
pling stars from the IMF could not then be separated from variations of the 
IMF due to stellar-dynamical processes in young star clusters. 

Given the existing 2001 theoretical investigation, it is possible to compare 
the theoretical distribution of a values for an ensemble of star clusters with 



^^Note that this docs not constitute a proof of the stellar IMF being a probabilistic density 
distribution! 
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Figure 26: Upper panel: The alpha plot. The curves (e.g. labelled "MS") are various 
IMF slopes documented in Table [3] and discussed in Se c. 110.21 The plotted data are 
listed in the supplementary information of lKroupal(|2002l '). The cyan open triangles are 
for R136 in the LMC. Lower panel: The bolometric stellar mass-luminosity relation, 
lL{lm), shown by the solid and dashed curves, and the stellar main-sequence life-time 
(or turn-off masses at a given age). It. The possible range of Milky- Way (MW) disk 
ages are shown as the shaded region. The masses of stellar spectral types are indicated. 
Notation: Im = logjQ(m/A/0), It = logj^g(r/yr), IL = logjg(I//I/0). For more details 
see text. 
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the observational data. This is done for stars with m > 2.5 Af© in Fig. [27l 
where the open (green) histogram shows the distribution of observational data 
from Fig. [26l The (blue) shaded histogram is the theoretical ensemble of 12 
star clusters containing initially 800 to 10^ stars that are "observed" at 3 and 
70 Myr: stellar companions are merged to give the system MFs, which are used 
to measure a, but the input individual-star IMF is in all cases the canonical 
form (Eq. [55]) . The dotted curves are Gaussians with the same average a and 
standard deviation in a obtained from the histograms. Fixing af =<a> and 
using only | a \< 2 ctq for the observational data gives the narrow thin (red) 
dotted Gaussian distribution which describes the Salpeter peak extremely well 
(not by construction). 

The interesting finding is thus that the observational data have a very pro- 
nounced Salpeter/Massey peak, with broad near-symmetric wings. This indi- 
cates that there are no significant biases that should skew the distribution. For 
example, if the observational sample contained clusters or associations within 
which the OB stars have a low binary fraction compared to others that have 
a very high multiplicity fraction, we would expect the binary-deficient cases 
to deviate towards high a values since fainter companions are hidden in the 
binary-ric h cases. The absence of thi s effect is cons i stent with the result ob- 
tained by iMaiz Apellaniz (2008) and Weidner et al. ( 20091 ) that multiple sys- 



tems do not affect the derived power-law index of the IMF for stars more mas- 
sive than a few Mq . For stars with mass m < 1 Mq unresolved multiples do 
have a significant effect, and this has been corrected for in the canonical IMF 
(Eq. [55]). Energeti c dynamical ejections from cluster cores deplete the IMF of 
the massive stars ( Pflamm-Altenburg fc Kroupal 20061 increasing the observed 



art. iBaneriee &: Kroupal 2012 ) in the cluster while mass segregation has the op- 
posite effect. 

In contrast to the observational data, the theoretical data show (i) a distri- 
bution with a mean shifted to smaller a2 ~ 2.2 that has (ii) a larger width than 
the observational one. The input canonical Salpeter/Massey index is not really 
evident in the theoretical data, and if these were the observational data then 
it is likely that the astronomical community would strongly argue for the case 
that the IMF shows appreciable variations. This leads to the following peculiar 
result: 



Open Question III: The empirical IMF power-law indices for massive stars 
are better behaved than the model data. This is unexpected because all the ad- 
ditional complications (observational uncertainties, uncertainties in transferring 
observed luminosities to masses such as stellar models, rotating/non-rotating 
stars) ought to deteriorate the empirical data, while the model has none of 
these uncertainties. 



Clarifying the hitherto not understood difference between the much more "well- 
behaved" observational data and the theoretical data will need further theoret- 
ical work which will have to attempt to re-produce the observational procedure 
as exactly as is possible (see also the SOCIOLOGICAL Hypothesis on p. I101|) . 
Note that Open question III is naturally resolved if nature follows OP- 



98 



9 THE SHAPE OF THE IMF FROM RESOLVED STELLAR 
POPULATIONS 

9.5 The distribution of data points in the alpha-plot 



2.5 
2 
1.5 



0.5 







I I I I I I I I I I I I I I I I I I I p 

_ <lm> > 0.40 

<a> = 2.36, !J__=0.36 

■ a, =8. 36, CT„,=0.06 

■ <a> = a.aO, CT.=0.63 








1 



a 



4 



Figure 27: Distribution of a values for massive stars (m > IOP '^Mq). Note that 
the empirical data show a sharper (just at the Salpeter index) and more symmetrical 
distribution than the model, which is based on the Salpeter index. This is unexpected. 
See Open Question III in Sec. 19.51 for details. 
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TIMAL Sampling (Sec. 12. 2p rather than random sampling (Sec. 12.31 from the 
IMF. 

Is the scatter of data points in the alpha-plot (Fig. [2S\} a result of IMF 
variations? For this to be conclusively convincing would require a measurement 
to lie further from the canonical IMF than the conservative uncertainty range 
shown in the figure. However, the adopted uncertainties on ai in Eq. [55] stem 
from the scatter in the alpha plot, so that this argument is circular. 

An independent indication of the uncertainties inherent to IMF determi- 
nations can be obtained by comparing IMF estimates of the same cluster by 
different authors. This is demonstrated for the well-studied Pleiades, ONC and 
for 30 Dor (Fig. Overall, the uncertainties in a are about ±0.5 which is 
also about the scatter evident in all the data, so that there is no indication 
of significant outliers (except in the shaded regions, see below). Differences 
of Aa « 0.5 for VLMSs and BDs are evident for the extremely young ONC 
allowing an estimate of likely non-physical variations in the alpha plot. Data 
reduction at these lo w masses is ha.mpered by variability, differ ential reddening, 
spurious detections (jSlesnick et al. 1 120041: lAnderaen et al. I I2OO9I) . It is clear that 
because the procedure of measuring a{lm) is not standardised and because the 
IMF is not a single power-law, author-author variations occur simply due to 
the use of different mass ranges when fitting power-laws (see ^^Binning" bias in 
Sec. mi]). 

Significant departures from the canonical IMF only occur in the shaded areas 
of the alpha plot. These are, however, not reliable. The upper mass range in 
the shaded area near 1 Mq poses the problem that the star-clusters investigated 
have evolved such that the turn-off mass is near to this range. Some clusters 
such as p Oph are so sparse that more massive stars did not form. In these cases 
the shaded range is close to the upper mass limit leading to possible stochastic 
stellar-dynamical biases since the most massive stars meet near the core of 
a cluster due to mass segregation, but three-body or higher-order encounters 
there can cause expulsion from the cluster. Furthermore, p Oph is still forming, 
leading to unknown effects that are likely to enhance variations in the first 
derivative of the IMF (i.e. in a values). 

The shaded area near 0.1 M© poses the problem that the VLMSs are not on 
the main sequence for most of the clusters studied, and are again prone to bias 
through mass-segregation by being underrepresented within the central cluster 
area that is easiest to study observationally. Especially the latter is probably 
biasing the M35 datum, but some effect with metallicity may be operating, es- 
pecially so since M35 appears to have a smaller a near the H-burning mass limit 
than the Pleiades cluster which has a similar age but has a larger abundance of 
metals (Fig. [T9| . The M35 cluster ought to be looked at again with telescopes. 

Two other well-studied massive star-burst clusters have a ~ Salpeter/Massey 
(30 Dor and NGC 3603) implying no clear evidence for a bias that resolved 
star-burst clusters prefer smaller a and thus more massive stars relatively to 
the number of low-mass stars. Low-mass stars are known to form in 30 Dor 
(jSirianni et al.ll200Qi) . although their MF has not been measured yet due to the 
large distance of about 55 kpc. From the ONC we know that the entire mass 
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spectr um 0.05 ^ m/M(^ ^ 40 is represented but that it has a deficit of massive 
stars I Pfiamm-Altenburg fc Kroupa 2006[ ) (Fig. [19]). The Pleiades appear to 



have had an IMF very similar to the canonical one, although for massive stars a 
steeper IMF with aj, « 2.7 may also be suggested by theoretical work (Fig. lTSl) . 

But it remains an unsolved issue (see Open Question III on p. as to 
why the theoretical data have a larger dispersion of a values than the empirical 
ones (Fig. [^T]) . The models discussed above and plotted in Fig. [57] had as the 
input IMF the Salpeter index, whereas the empirical data suffer under all the 
biases associated with transforming measured fiuxes to stellar masses (Sec. 12. ip 
and have been collated from various sources published by different authors. In 
particular the very narrow empirical distribution exactly around the Salpeter 
index is remarkable. This leads to the following Sociological Hypothesis: 



Sociological Hypothesis: The measured a indices for massive stars are 
affected by sociological predispositions. 



However, the excellent documented efforts of the teams working on measuring a 
for massive stars would not necessarily lend support to this hypothesis. Actually, 
as already observed on p. [98] Optimal Sampling would automatically resolve 
Open Question III therewith negating the SOCIOLOGICAL Hypothesis. 

The available evidence is thus that low-mass stars and massive stars form 
together even in extreme environments. This i s also supporte d by an impres- 
sive observational study ([Luhman et al. I I2OOOI: lLuhman|[200l of many close- 



by star-forming regions using one consistent methodology to avoid author- 
author variations. The result is that the IMF does not show conclusive dif- 
ferences from low-density star-forming regions in small molecular clouds (n — 
0.2 — 1 stars/pc'^ in p Oph) to high-density cases in giant molecular clouds 
{n ~ (1 — 5) X 10'* stars/pc'^ in the ONC). This result extends to the pop- 
ulations in the truly exotic ancient and metal-poor dwarf-spheroidal satellite 
galaxies which are speculated to be dominated by dark matter but definitely 
constitute star-forming conditions very different from present-d ay events. Two 



such close companions to the Milky Way have been observed (jGrillmair et al 



19981: iFeltzing et all I1999I) finding the same MF as in globular clusters for 



0.5^m/MQ^0.9 and thus no evident differences to the canonical IMF. How- 
ever, evidence for top-heavy IMFs in pc-scale starbursts and for bottom-heavy 
IMFs in elliptical galaxies has emerged fSec. 112.91 and [12731 respectively). 



Main results: Within the observational uncertainties the IMF of all known 
resolved stellar populations is well described by the canonical, standard or av- 
erage IMF. It is given by Eq. [55]and has been corrected for unresolved multiple 
systems. The only structure evident in the stellar IMF is thus a turnover near 
0.5 M0 and a rapid turn-down below 0.075 Af0. The BD IMF is a separate 
single power-law such that about one BD forms per five stars. Open Question 
III leads to the SOCIOLOGICAL Hypothesis which may naturally be negated 
by Optimal Sampling. 
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10 Comparisons and Some Numbers 

In this Section some useful numbers are provided, and a comparison between 
various IMF forms is made with cumulative functions in the number of stars 
and stellar mass being plotted for general use. 



10.1 The solar-neighborhood mass density and some other 
numbers 

Given the reasonably well constrained shape of the stellar IMF (Eq. [55| , it is 
of interest to investigate the implied number and mass density in the Galactic 
disk. Here we consider the solar neighbourhood. In order to normalise the IMF 
to the solar-neighbourhood stellar number density the observed stellar LF is 
conveniently used. 

The nearby Hipparcos LF, *ncar(IIipp) (Fig. H), has p = (5.9 ± 0.3) x 
10""^ stars/pc"^ in the interval My = 5.5 — 7.5 corresponding to the mass interval 
[m2, mij = [0.891,0.687] Mq (lKrouDa]l200ic[ ) using the KTG93 MLR (Fig. [II]). 



SZl ^(™) dm = p yields k = 0.877 ± 0.045 stars/(pc3 M©). The number frac 
tions, mass fractions and Galactic-field mass densities contributed by stars in 
different mass-ranges are summarised in Table [T] 

The local mass density made up of interstellar matter is » 0.04 ± 



0.02M (n/pc^. In steUar remna nts it is p''^"' ft i 0.003 Mg/pc^ (jWeidemann 



1990f) or p'"" sa 0.005 Mg/pc^ (IChabrieil l2 003al and references ther ein). Gi 



ant stars contribute about 0.6 x 10~^ Mgpc"^ ( Havwood et al.l[l997t ). so that 
main-sequence stars make up about half of the baryonic matter density in the 
local Galactic disk (Table H]). BDs, which for some time were regarded as 
candidates for contributing to the dark-matter problem, do not constitute a 
dynamically important mass component of the Galaxy, contributing not more 
than 5 % in mass. This is corroborated by dynamical analysis of local stellar 
space motions that imply there is no need for dark matter in the Milky- Way 
disk (jFlvnn fc F uchs"l994V an d the revision of the thick-disk mass density to 



larger values (jRdijniann 2004 ISoubiran et al.l 120031 ) further reduces the need 



for dark matter within the solar circle. 

Table ID also shows that a star cluster looses about 12 per cent of its mass 
through stellar evolution within 10 Myr if 0:3 — 2.3 (turnoff-mass mto ~ 20 Mq), 
or within 300 Myr if = 2.7 (turnoff-mass mto ~ 3 Mq). After 5 Gyr the mass 
loss through stellar evolution alone amounts to about 45 per cent if as = 2.3 or 
30 per cent if as = 2.7. Mass loss through stellar evolution therefore poses no 
risk for the survival of star clusters for the IMFs discussed here, since the mass- 
loss rate is slow enough for the cluster to adjust adiabatically. A star-cluster 
would be threatened through mass loss from supernova explosions if a ^ 1.4 for 
8 < m/ Mq < 120 which would mean a mass- loss of ^ 50 per cent within about 
40 Myr when the last supernova explodes. It is remarkable that none of the 
measurements in resolved populations has found such a low a for massive stars 
(Fig. [26]). Mass loss due to stellar evolution might pose a threat to the survival 
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of post-K a.s-expulsion clus t ers w hen the system is mass-segregated as has been 



shown by IVesperini et alJ (|2009l l . 
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Table 1: The number fraction rjM = 100 J^^(,{m)dm/ J^^'^{m)dm, and the mass fraction -qM — 100 m(,{m) dm/Md, M^i — 
Sm^ m^(m) dm, in per cent of main-sequence stars in the mass interval mi to 7712, and the stellar contribution, p^^ , to the Oort limit 
and to the Galactic-disk surface mass-dens ity, S''^ = 2hff^, n ear to the Sun, taking m; = 0. 07 Ma , m-u = 120 M© and the Galactic- 
disk scale-height h = 250 pc (m < 1 M© iKroupa et al[|l993l ') and /i = 90 pc (m > 1 Mq, IScald ll986l ). Results are shown for the 
canonical IMF (Eg . for the high-mass-star Galactic-field IMF (03 = 2.7, m > IMq), and for the PDMF (0:3 = 4.5, IScaldll986l : 
iKroupa et al.|[l993! l which describ es the distribution of stellar masses now populating the Galactic disk. For gas E^'^'^ = 13 ± "AMq/pc^ 
and remnants « SMg/pc^ (|WeidemanDlll990l ). The average stellar mass is m = J^" m(^{m) dm/ J^" £,{m)dm. mmax and Mcci 

are calculated using eqs [TD] and [TT] with mmax = 120 Mq . A^ci is the number of stars that have to form in a star cluster such that the 
most massive star in the population has the mass mmax. The mass of this population is Md, and the condition is j^^'^''^ dm = 1 
with ^^^"^^ i^{rn)dm = A'ci — 1. AMd/Md is the fraction of mass lost from the cluster due to stellar evolution, assuming that for 
m > S Mp) all neutron stars and black holes are kicked out due to an asymmetrical supernova explosion, but that white dwarfs are 
retained (jWeidemann et aLlll992l ). The ma sses of the white dw arfs are estimated as mwD = 0.109 mini -I- 0.394 [M©], which is a linear 
fit to the masses of observed white dwarfs (iKalirai et al.l [20081 ) ■ The evolution time for a star of mass mto to reach the turn-off age is 
available in Fig. 1261 Note that brown dwarfs are not considered for any of the numbers listed in this table. 
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10.2 Other IMF forms and cumulative functions 

The standard or canonical power-law IMF (Eq. I55p provides a good description 
of the data combined with mathematical ease and physical meaning. Integrating 
the IMF is a frequently required task, and it is especially here that the two- or 
even multi-part power-law description of the canonical IMF shows its strength. 
For example, if the IMF were a probabilistic density distribution function then 
writing down a mass-generating function (Sec. 12.3]) is practically trivial allowing 
perfectly efficient (each random deviate X yields a usable mass m) discretisa- 
tion of the stellar population into individual stellar masses. A further strong 
advantage of this parametrisation is that each section can be changed without 
affecting another part of the IMF, as stated above. As an explicit example, 
should the BD MF be revised, ao can be adopted accordingly without affecting 
the rest of the mass distribution in the well-constrained stellar regime. That 
the two- or multi-part power-law form has a discontinuity in the derivative at 
0.5 M0 (Fig. [26l) has no implications for stellar-populations and is therefore not 
a disadvantage, especially so since there exists no theoretically derived IMF 
form of significance. It is, however, true that the real IMF must be differen- 
tiable, but it must have a rapid change in slope near 0.5 M0 and below about 
0.08 Mq where the stellar IMF decays rapidly. The Chabrier-formulation of 
the log-normal canonical IMF (Eq. [56l Fig. [24)) also has a discontinuity in its 
derivative but at I-M0, and does not reproduce the rapid falloff of the stellar 
IMF below about 0.08 Mq unless it is cutoff there, nor is it easily integrable. 

Often a single Salpeter power law IMF is applied (a — 2.35 for 0.1 Mq ^ m). 
Table [2] gives the stellar masses (Eq. |8]) for the single-power-law Salpeter IMF 
in comparison to the canonical IMF. For example, using a single power-law 
"Salpeter" IMF with a = 2.3 for a stellar population with stars in the mass 
range 0.1 — 0.8 instead of the canonical IMF would lead to an overestimate 
of the stellar mass by 0.66/0.37 = 78 % and to an overestimate of the number, 
N, of stars by 1.687/0.702 = 2.4. 

Additional forms are in use and are preferred for some investigations: In 
Fig. [26] the quasi-diagonal (black) lines are alternative analytical forms sum- 
marised in Table [31 They are compared to the canonical IMF in Fig. [25] and 
their cumulative number and cumulative mass functions are presented in Fig. [211 
and Fig. [30l respectively. 

Of the other IMF forms sometimes in use, the generalised Rosin-Rammler 
function (Eq. Ch in Table [31 thick short-dash-dotted curve) best represents the 
data, apart from a deviation for 10 A/q, which can be fixed by adopting a 
Salpeter/Massey power-law extension for m > 1 Mq (Eg. [56)) . Interpretation 
of Too in terms of a characteristic stellar mass poses difficulties. As can be 
seen in Fig. [M) the difference between a Chabrier IMF and a canonical IMF 
is negligible. The popular Miller-Scalo log-normal IMF (Eq. MS in Table [3]) 
deviates strongly from the empirical data at high masses. Larson's Eq. Lb in 
Table [3] fits rather well, except that it may predict too many BDs. Finally, the 
effecti v e initial mass function for galactic disks proposed by iHollenbach et aF 



( 2005h :|p arravano et al.l I ()201l[) (Eq. Roll) reproduces the data in the alpha-plot 
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canonical IMF 
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canonical IMF 
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0.8 


0.702 


0.370 


canonical IMF 
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canonical IMF 




0.07 
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Salpeter IMF, a 
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1.264 


Salpeter IMF 
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0.660 


Salpeter IMF 
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0.223 


0.719 


Salpeter IMF 




0.07 
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3.378 


1.543 


Salpeter IMF, a 


= 2.35 


0.1 


150 


2.087 


1.348 


Salpeter IMF 




0.1 


0.8 


1.961 


0.756 


Salpeter IMF 




0.5 


150 


0.238 


0.719 


Salpeter IMF 





Table 2: The mass in stars, Med, normalised to 1 Mq for the canonical IMF between 
0.07 Mq and 150 Af0 in comparison to the mass for other mass ranges (mi to m2) 
and the commonly used single-power-law Salpeter IMF taken here to have a = 2.3 
and 2.35. All IMFs are normalised to have identical Mod for m > 0.5 Mq and no 
stellar remnants are included. A'^ is the correspondingly normalised number of stars. 



20111 ). and is not 

the 



quite well (fig. 1 in iHollenbach et al.l l2005t iParravano et al 
incorporated into Fig. here. Note however that a composite IMF (i.e 
IGIMF and the local IGIMF, LIGIMF), which would be the correct IMF for 
a whole disk galaxy or parts thereof, respectivel y, ought to b e steeper (have a 
larger a) at high masses which is precisely what IScald (Il986l) deduced for the 
MW disk {as « 2.7, Eq.El Sec. [HI). 

The closed functional IMF formulations (Eqs. MS, La, Lb, Ch, Holt) have the 
advantage that possible variations of the IMF with physical conditions can be 
studied more naturally than with a multi-power-law form, because they typically 
have a characteristic mass that can be varied explicitly. However, they cannot 
readily capture the variation of the stellar IMF with p and [Fe/H] discovered 
recently (Eq. [65]) . 
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10 COMPARISONS AND SOME NUMBERS 
10.2 Other IMF forms and cumulative functions 




Figure 28: A comparison between the canonical IMF (Eq. 1551 solid red curve) and 
the IMFs of Tab. E] in the interval from 0.07 M© to 80 M©. Plotted is the number 
of stars per mass interval versus the stellar mass, both scales being logarithmic. All 
IMFs are normalised such that /q'q^ m,^{m) dm = 1 Mq, where m is the mass in Solar 
units. Note that the "Chabrier" IMF in the lower left panel is the earlier Chabrier 
IMF listed in Table [3l and is not the later log- normal plus power- law extension plotted 
in Fig. 1241 See also Fig. 1291 and 1301 for a comparison of the cumulative functions. 
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Table 3: Summary of different proposed analytical IMF forms discussed in Sec. 110.2] (the modern power-law form, the canonical IMF, is 
presented in Eg. 1551 and its log-normal equivalent is given by Ea. l56|l . Notation: Im = log^Q(m/MQ) = ln(m/M0)/lnlO; dN is the number 
of all stars in the mass interval m to m + dm and in the logarithmic-mass interval Im to Im + dim. The mass-dependent IMF indices, 
r(m) (Eq. Gam), are plotted in Fig. [26] using the line-types defined here. Eq. MS was derived by Miller&Scalo assum ing a constant 
star-formation rate and a Galactic disk age of 12 Gyr (the uncertainty of which is indicated in the lower panel of Fig. I26[). iLarsonl l| 19981 ) 
does not fit his forms (Eq. La and Lb) to solar-neighbourhood star-count data but rather uses these to discuss general aspects of likely 
systematic IMF evolution; the mo in Eq. La and Lb given here are approximate eye-ball fits to the canonical IMF. 



11 THE ORIGIN OF THE IMF 



11 The Origin of the IMF 

The two fundamental theoretical ansatzes for understanding the form of the 
IMF are discussed in Sec. I1.4[ and here a few more detailed aspects of the 
theoretical problem are raised. Observationally it appears that the form of 
the stellar IMF is already established in the pre-stellar cloud core MF. Open 
questions concerning our understanding of the IMF remain. 



11.1 Theoretical notions 

The Jeans mass scale (Eq. [50l see also Sec. II. 4|) is useful as a general indication 
of the rough mass scale where fragmentation of a contracting gas cloud occurs. 
But the concept breaks down when considering the stellar masses that form 
in star clusters. The central regions of these are denser, formally leading to 
smaller Jeans masses which is the opposite of the observed trend, where even in 
very young clusters massive stars tend to be located in the inner regions. More 
complex physi c s is cl early involved (Self- Regulatory Ansatz in Sec. II. 4p . 



Murrav fc Li3 (|l996l) develop an TV-body model for the formation of stars in 



star clusters by considering the formation and dynamical evolution and inter- 
actions of cloudlets which can form stars which heat their surroundings thereby 
quenching further star formation. They n aturally arrive at mass -segregated 
clusters with power-law IMFs. Interestinglv. lElmegreen et al. ( 2008 ) show that 



the Jeans-mass depends only weakly on the ambient radiation field, tempera- 
ture, metallicity and density for a large range of initial conditions, therewith 
possibly explaining a largely invariant IMF. The insensitivity of the I MF to 
the in itial kinetic structure of the gas is also explicitly demonstrated by iBatd 
( 2009[ ) in a high- resolution SPH computation of a large-scale molecular cloud. 



The inclusion of radiation and magnetic fields is now becoming possible and is 
touched upon further down in this section. 

The impressive agreement between the theoretical Wmax — ^icc\ relation 
Eq. [49]) , which results from SPH and FLASH computations of star formation 
with and without feedback, and the observational data (Fig. [SJ , together with 
these simulations also reproducing the general form of the IMF quite well, sug- 
gests that the essential physics of star-formation has been understood. Another 
success of star formation computations is the excellent reproduction of the ob- 
served mass distribution of BDs and VLMSs (Sec. 18. 4[) . 

But, as discussed in Sec. 12.61 this theoretical work has not yet explained the 
birth binary properties. Also, as stated in Sec. 11.41 this theoretical work predicts 
a variation of the IMF with the temperature and the density of the gas. The 
consensus in the community has been until now that such variation has not been 
found (more on this in Sec. 112. 9| . 

Stars almost certainly regulate their own mass by feedback (winds, radiation, 
outflows) limiting to a certain degree the amount of mass that can be accreted 
(Self-Regulatory Ansatz in Sec. II. 4p . Indeed, this is an attractive propo- 
sition in-line with the structure in the mmax — Afeci relation at Wmax ~ 10 Mq 
(Sec. 13. 3p . The mmax — .^cci relation suggests a self-regulated balance between 
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10 0.1 



Figure 29: Cumulative function of the number of stars in the stellar mass range 
0.07 - 150 Mq, plotted here over the range 0.07 - 10 Mq, for the ahernative IMF 
forms listed in Tab. |3] and plotted in Fig. [28l In all the panels, the canonical IMF 
(Eq. I55p is shown as the solid red curve, while the alternative IMF forms are plotted 
with the dashed blue curve. Note that half of a saturated canonical stellar population 
has m < 0.21 M0. 
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Figure 30: Cumulative function of the mass in stars in the stellar mass range 
0.07 - 150 Mq for the ahernative IMF forms listed in Tab. [3] and plotted in Fig. [551 
In all the panels, the canonical IMF (Eq. I55|) is shown as the solid red curve, while 
the alternative IMF forms are plotted with the dashed blue curve. Note that half the 
mass of a saturated canonical stellar population has m < 1 Mq . 
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11.1 Theoretical notions 



the amount of matter that can accrete onto a star and the feedback and local 
fragmentation which modulates the accretion. In particular noteworthy is the 
result (Sec. I3.3.3P that feedback from the central massive stars may reduce the 
accretion onto the surrounding less massive stars leading to an improved agree- 



ment with the observational m„ 



Meci data. Self-regulatory behaviour may 



be a reason why the shape of the IMF ap pears to be so invariant to metallicity 
(jKrumholz et al.ll2O10HMvers et al.ll201ll) . 

The coagulation of proto-stars probably plays a significant role in the densest 
regions where the cloud-core collapse time, TcoU, is longer than the fragment colli- 
sion time-scale, Ta. The collapse of a fragment to a proto-st ar, with about 95 per 
cent of its final mass, takes no longer than TcoIi ~ 0.1 Myr (jWuchterl fc Klessen 
20011) . so that the core crossing time 



Ter/Myr w 42 



(Afecl/M©) 



< 0.1 Myr, 



(60) 



where R is the half-mass radius of a Plummer-sphere model, implies M / > 
IO^Mq/pc^. Such densities correspond to star- formation-rate densitities 



SFRD > 0.1MQyr-ipc~ 



(61) 



if the embedded cluster forms over a time-scale of 1 Myr. It is under such 
conditions that proto-stcllar interactions are expected to affect the emerging 
stellar mass-spectrum. These are found in the centres of very dense and rich 
embedded star clusters before they expand as a result of gas expulsion (see also 
Elmegreen fc Shadmehri l2003l for a more detailed discussion). Thus, only for 
mass ive stars (m^ lOMg) is the forni of the IMF likely affecte d by coagula- 
tion ( Bonnell et al. 199 sT lKlessenlliOQ]]: IZinnecker fc Yorkell2007l) . It is indeed 
remarkable that evidence for a top-heavy IMF has only emerged in star-forming 
systems in which Pgas+stars > 10^ M© pc~'^ (Sec. 112.81) . 

But the observed mass segregation in very young clusters cannot as yet be 
taken as conclusive evidence for primordial mass segregation that results natu- 
rally from competitive accretion/fragmentation induced starvation (p. 1481) and 
coagulation, unless precise A^-body computations of the embedded cluster are 
performed for each case in question. For example, models of the ONC show that 
the degree of observed mass segregation can be established dynamically within 
about 2 Myr (see Fig. [^0)1 despite the embedded and much denser configuration 
having no initial mass segregation. The notion behind the "no initial mass- 
segregation" assumption is that star clusters fragnient heavily sub-clustered 
(iMegeath et al.l Il996l: iBonteinps et al.l [2OO1I: iKlessenI [200lt iMaschberger et al ' 



20int I Maschberger fc Clarkel l I2011I ). and each sub-cluster may form a few OB 



stars with a few hundred associated lower- mass stars (Table [T]), so that the 
overall m orphology may resernble a system without significant initial mass seg- 
regation ( McMillan et al.ll2007t Fbllhauer et al.ll2009[l or even with "inverse mass 
segregation" ( Parker et al.l 2011 ). 

The theoretical time-scale, ^2 — ti in Fig. [201 for mass segregation to be 
established even in an initially not sub-clustered cluster can be shortened by 
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decreasing the relaxation time. This can be achieved by reducing the number 
of stars and sub-clusters or by increasing the pre-gas expulsion density in the 
model. But it may prove impossible to find agreement at the same time with the 
density profile and kinematics because t he ONC is probably expanding rapidly 
now given that it is virtually void of gas (jKroupa et al.ll200l[ ). Clearly the issue 
of initial mass segregation requires more study. 

An interesting approach to explain why the stella r IMF has a Salpeter/- 
Massey slope above 1 Mq has been proposed by [Oel (|2nilh by applying the 
concepts of the IGIMF theory fSe c. fT3l) to the notion tha t a star-cluster forms 
as a hierarchical fractal structure (lEhnegreenlllQQTi Il999l) . Sally Oey is able to 
demonstrate that the true stellar IMF of the stars that form within each sub- 
clump (here referred to as the elementary IMF' , EIMF) has ctsci ~ 2 in agree- 
ment with the MF of embedded clusters, /? « 2 (Eq. [67|). If the least- massive 
sub-clump has a mass comparable to the lowest-mass star, then the stellar IMF 
of the whole cluster steepens to the canonical Salpeter/Massey value, a = 2.3 
(Eq. [55)) . upon addition of all the sub-clumps. Notable is th at this effect had al 



ready been discovered in SPH simulations of star formation (jMaschberger et al 
l201Ci l. The reason for this is that low- mass sub-clumps cannot form massive 
stars, which therewith become underrepresented in the whole cluster. A slightly 
top-heavy IMF with a = ttgci may result in a star-burst cluster if all sub-clumps 
are more massive than the most massive star can be, since then each sub-clump 
can form the whole range of stellar masses, i.e. if each sub-clump were satu- 
rated. This is essentially the exact same reason why the IGIMF may become 
top heavy if the least massive cluster is saturated fp. l45|). 

The Oey model raises a number of questions: on the one hand side, it re- 
mains to be seen how the other well studied effects of coagulation, competitive 
accretion and stellar feedback would affect the resultant stellar IMF. And, on 
the other hand side, it leaves the question open why the pre-stellar cloud core 
MF already has the shape of the stellar IMF (Sec. I11.2|) . Last not least, ob- 
servations, while very difficult, would need to confirm that the stellar IMF in 
sub-clumps has age ~ 2 rather than the canonical a = 2.3. 

But what about radiation feedback and magnetic fields? The results dis- 
cussed above are based nearly exclusively on pure gravo-hydrodynamical com- 
putations only, and radiation and magnetic fields are likely to significantly affect 
the fragmentation and accretion behaviour of a g as cloud. Such calculations are 
highly demanding (e.g. IStamatellos et al.ll2007bf ) and not many results allowing 
statistically significant statements exist yet. The fragmentation of a magnetised 
cluster-forming cloud clump and the properties of the emerging bound cores 
such as their masses, radii, mean densities, angular momenta, spins, magnetisa- 
tions and mass-to-flux ratio s are documented an d are found to be comparable 
to observational properties. Price fc Bate ( 2009h present SPH calculations of a 
50 Mq gas cloud with radiative feedback and a magnetic field being incorporated 
together for the first time. They show that the magnetic field supports the gas 
cloud on large scales while the radiation field limits fragmentation on a small 
scale through heating of the gas nearby proto stars. The overall result is a sim- 
ilar mass distribution of proto stars but a significantly reduced star-formation 
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efficiency. iLi et al. I (I2OIOI) find that, besides reducing the overall star formation 
rate, both magnetic fields and outflow feedback reduce the characteristic mass 
of the cluster stars. The influence of a magnetic field and radiation feedback on 
the formation of massive stars in a rotating 10 00 Mq cloud is studied for the first 
time computationally bv lPeters et al. ( 2011a[) using the adaptive- mesh FLASH 
code. In comparison to the otherwise equal purely gravo-hydrodynamical com- 
putations it is found that by yielding large-scale support the magnetic field limits 
secondary fragmentation and by carrying angular momentum outwards it en- 
hances accretion onto the central massive proto-star. The number of fragments 
is only reduced by a factor of about two though. 

At extreme star-formation rate densities (SFRDs) the gas can be heated 
by supernova(SN)-generated cosmic rays (CRs) which propagate into the dense 
cloud region heating it if the SN frequency is sufficiently high to sustain a CR 
flux. Many SNe in confined places may also contribute to turbulent heating of 
the gas. Such a very excited gas phase has been revealed by high-J CO line 
observations of ultra-luminous infrared galaxies (Papadopoulos, private com- 
munication). These physical processes raise the Jeans mass possibly leading to 
a top-heavy IMF (Sec. TT^ . 



11.2 The IMF from the cloud-core mass function? 



The possible origin of most stellar masses is indicated by a remarkable discovery 
by the team around Philippe Andre in Saclay for the low-mass p Oph cluster 
in which star-formation is on-going. Here the pre-stellar and proto-star MF are 
indistinguishable and both are startlingly similar to the cano nical IMF, even in 



showing the same fla ttening of the power-law near 0.5 Mq (jMotte et al.l 11998 



iBontemps et al ] l200lh . The pre-stellar cores have sizes and densities that can be 



interpreted as Jeans-instabilities for the conditions in the p Oph cloud, so that 



turbulent interstellar medium ( 


Nordlund & Padoan..2003; Padoan & Nordlundl 


20021 Mac Low & Klessenl2004l Tillev & Pudritz 


2004; Padoan & Nordlundl2004 ; 


Hennebelle & Chabrieij 20081 20091 Elmegreen 


20 111) augmented with mass- 



MversI 2011 . see also Sec. I1.4|) appears to be the most-important mechanism 
shaping the stellar IMF for masses 0.1 ^ m/MQ ^ a few Mq. 

If this result can be generalised then it may indicate that the shape of the 
IMF describing the vast population of stars would be mostly determined by 
the spectrum of density fluctuations in molecular clouds. Similar results have 
indeed been obtained for the Serpens cloud s and for the clouds in Taurus- Auriga 



(|Testi fc Sargentlll998HOnishi et al.ll2002l respectively). 

More recently Alves et al.l ( 2007 ) used a novel technique by mapping the 



extinction through the Pipe Nebula to derive the pre-stellar cloud-core MF. The 
result is a cloud-core MF with the same shape as the canonical IMF but shifted 
to larger masses by a factor of about three. And, the massive effort within 
the Gould Belt Survey with the Herschel telescope to wards the Aquila r ift and 
Polaris Flare regions yields virtually the same result (|Andre et al.ll2010l ). This 
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is interpreted to mean that the star-formation efficiency (SEE) is about 30 per 
cent independently of the core mass. It is interesting that this SEE is similar 
to the efficiencies d educed for embedded clusters on a scale of about one pc 
( Lada fc TadSHooi). Such a SEE also arises from magneto-hydrodynamical 



computations of the formatio n of a proto-star from a cloud core: as shown by 



Machida fc Matsumotol ( 20121 ) 20-50 per cent of the infalling material is expelled 



pole- wards by a magnetically-driven wind. Why the more recent results indicate 
a SEE shift in mass between the cloud-core ME and the stellar IMF which was 
not seen in the earlier work will need to be understood. 

The majority of stellar masses making up the canonical IMF thus do not ap- 
pear to suffer significant subsequent modifications such as competitive accretion, 
proto-stellar mergers or even self- limitation through feedback processes, assum- 
ing there is a one-to-one map between a pre-stellar core mass and the stellar 
m ass. A keynote resul t supporting the "no-interaction" conjecture is presented 
bv I Andre etaP (|2007l ) using kinematical measurements in p Oph: The relative 



velocities of the pre-stellar and proto-stellar cloud cores are too small for the in- 
dividual condensations to interact with each other before evolving into pre-main 
sequence stars. This implies the following conjecture: 



The IMF Origin Conjecture: The IMF is mostly determined by cloud 
fragmentation at the pre-stellar stage. Competitive accretion is not the dom- 
inant mechanism at the proto-stellar stage. Competitive accretion may gov- 
ern the growth of starless, self-gravitating condensations initially produced by 



gravo -turbulent fragmentation towards an IMF-like mass spectrum ([Andre et al 



20071) . 



The work of Padoan fc Nordlundl (2002) with modifications by lElme greeni 



( 20111 ) demonstrates that, under certain reasonable assumptions, the mass func- 
tion of gravitationally unstable cloud cores deriving from the power-spectrum 
of a super-sonic turbulent medium leads to the observed canonical IMF above 
1 Mq. The flattening at lower masses is a result of a reduction of the SEE be- 
cause at small masses only the densest cores can survive suflaciently long to col- 
lapse, this being the reason why BDs do not, as a rule, form a s stars do directly 
from self-induced gravitational collapse of a core (Sec. ISH). iTillev fc Pudrit3 



( 20071) apply their magneto-hydrodynamical simulations to test the Padoan- 



Nordlund model of turbulent fragmentation finding disagreements in the posi- 
tion of the peak mass of the core mass spectrum. 



If this holds for more massive star-forming regions is not clear. iBontemps et al 



( 2010f ) show by observation that massive young dense cores in Cygnus X tend 



to be more fragmented than expected from turbulence regulated monolithic col- 
lapse but that they are less fragmented than predicted by gravo-turbulent sce- 
narios and that the fragments do not show a canonical IMF distribution. The 
magneto-hydrodynamical plus radiation feedback simulati ons discussed above 



would be rel evant in understanding this observational result. iHennebelle fc Chabrier 



( 2008ll2009l) calculate the mass spectrum of the self-gravitating cores based on 



an extension of the Press-Shechter statistical formalism thereby also reproducing 
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well the observed IMF. But it depends on the turbulence spectrum and the IMF 
ought to therefore be variable. The generation of t urbulence in the ISM throug h 
the passage of curved shock waves is investigated bv lKevlahan Sz Pudritd(|2009( ). 



They conclude that "the composite nature of the IMF ~ a log-normal plus 
power-law distribution — is shown to be a natural consequence of shock inter- 
action and feedback from the most massive stars that form in most regions of 
star formation in the galaxy". A three-component IMF was also suggested by 



Elmegreenl (|2004l ) to account for the apparently seen different IMFs in different 



star-forming regimes. 



The Similarity Statement: The intriguing observational result is that the 
stellar, proto-stellar and pre-stellar clump mass spectra are similar in shape to 
the stellar IMF. 



This is consistent with the independent finding that the properties of binary 
systems in the Galactic field can be understood if most stars formed in modest, 
p Oph-type clusters with primordial binary properties as observed in Taurus- 
Auriga (Eq. |47l Sec. 12. 6|) . and with the independent result derived from an 
analysis of the distribution of local star clusters t hat most stars appear to stem 
from such modest clusters ( Adams fc Mver j|200ll) . However, the canonical IMF 



is also similar to the IMF in the ONC (Fig. [TO]) implying that fragmentation of 
the pre-cluster cloud proceeded similarly there. 

The above Similarity Statement may not be entirely tr ue because each 
cloud core typically form s a multiple stellar system (Sec. 12.61 iGoodwin et al 



2008t ISmith et al.l In the computer simulations, the similarity of the 



clump mass function and the IMF does not necessarily imply a direct one-to- 
one mapping of clumps to stars. The temporal evolution of the clump and stellar 
MF in SPH-models shows that stars come from a broad range of clump masses 
despite the similar shape of the MF. 

The SPH computations bv iBonnell fc Bate ( 2002 ) and collaborators of the 



formation of dense clusters indeed not only predict the observed mmax — -^^cci 
relation (Fig. [5]), but they also show that a Salpeter/Massey power-law IMF is 
obtained as a result of competitive accretion and the merging of proto-stars near 
the cluster core driven by gas- accre tion onto it, indep endently of metallicity as 
long as Z/Zq is larger than 10~^ ( Clark et al. 2003) ■ The reason as to why 



the IMF is so invariant above a few Mq may thus be that the various physical 
processes all conspire to give the same overall scale-free result (see also Sec. lll.l]) . 

Open Question IV emerges here: Various theories of the IMF as resulting 
from the pre-stellar cloud core MF account for the observed shape of the canoni- 
cal IMF. This is also the case for theories based on competitive accretion and on 
coagulation. However, if star formation is intrinsically hierarchical through first 
the emergence of sub-clumps of stars that merge dynamically, then as discussed 
in Sec. 111. ll the stellar IMF in each sub-clump must be flatter with ckgc ~ 2 than 
the Salpeter/Massey index. Why does theory not predict this flatter elementary 
IMF (EIMF)? 
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Open Question IV: The hierarchical model of star-cluster formation implies 
the EIMF to be flatter than the canonical IMF. Why has theory never predicted 
this EIMF? 



A word of caution is advisable in view of the modelling of star-formation and 
the resulting IMF. An excellent example of how state-of-the art modelling may 
be somewhat misleading is as follows: Observations found a top-h eavy PDMF 



in th e Arches cluster with an apparent lack of stars below 6 Mq (|Stolte et al 



and thi s was often int e rprete d as a top-heavy IMF because of the youth 



of the object. iKlessen et al. ( 2007 ) therefore presented a state-of-the-art SPH 



model of star-formation from warm gas in the Galactic Cent re which produces 



a top-heavy IMF with a down-turn below about 6 Mq . But iKim et al.l (|2006l ) 
showed that the observed Arches PDMF is in fact readily explained by strong 
stellar dynamical evolution due to the extreme environment with no need for 
a non-canonical IMF. And, stars less massive than 6 Mq have formed in the 
cluster without a sign of a deficit. 



Main result: Observations have led to the understanding that the pre-stellar 
cloud-core MF is very similar to the proto-stellar MF and to the stellar IMF 
suggesting that gravitationally-driven instabilities in a turbulent medium may 
be the primary physical mechanism setting the shape of the IMF for stars in the 
mass range 0.1 ^m/M©^ few. Theoretical work has progressed significantly, 
but remains too inconsistent with observations to allow the conclusion that a 
theory of the IMF exists. 



12 Variation of the IMF 

From the previous discussion it has emerged that the IMF appears to be uni- 
versal in resolved star forming systems as are found largely in the vicinity of the 
Sun and in very nearby extra- galactic systems (LMC, SMC, dSph satellites). 

But the stellar IMF has been predicted theoretically to systematically vary 
with star-forming conditions. This has been shown with Jeans-mass arguments 
including SPH simulations and for self- regulated mass-growth physics (Sec. 11.41) . 
Stellar populations formed from triggered star format ion in expanding shells 



bteliar populations tormed irom triggered star tormat ion m expanding 
have also been suggested to be significantly top-heavy ( Dale et al. l201l[ ) 



In Sec. ll.4l the Variable IMF Prediction is emphasised as a robust result 
of IMF theory. Is there evidence supporting this prediction? Next some recently 
emerging observational evidence for a dependency of the IMF on star-forming 
conditions is presented which may be part of the long-expected violation of the 
Invariant IMF Hypothesis (Sec. ll.4|) . 

12.1 Trivial IMF variation through the mmax — Mici relation 

The existence of the mmax — M^cX relation (Sec. 13. 3p trivially implies that the 
stellar IMF varies with increasing stellar mass. Mod, of the population formed 
in the star- formation event. This is best seen by the increase of the average 
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stellar mass with increasing Afcci in contrast to what is expected if the IMF 
were merely a probabilistic distribution function (Fig. [3]) . 

Note that the relatively small scatter of the observational Wmax — -^eci data 
(Fig. [5]) and the sharpness of the distribution of IMF power- law indices (Fig. \Tl\ 
may be taken to imply that pure random sampling from the IMF is excluded as a 
viable model for stellar populations (cf. Figs [T]-[3]) . This is further supported by 
the lack of evidence for massive stars forming in isolation (Sec. [J]) and the lack 
of stars more massive than a few Mq in the Taurus- Auriga and Orion Nebula 
star forming regions (p. I144|) . 



12.2 Variation with metallicity 



Differences in the metallicity, Z, of the populations sampled in the nearby Local 
Group do not lead to discernible variations of the IMF for massive stars as has 
been shown using star counts with spectroscopic classification (Fig. [8|). Thus 
the distribution of masses for massive stars has been interpreted to not be 
significantly affected by the metallicity of the star-forming gas. 

That low-mass stars are forming together with massive stars in the low- 
metallicity environment within the Magellanic Clouds with a MF similar to the 
canonical IMF has been demonstrated through the dee p photometric surveying 



effort by Dimitrios Gouliermis and collaborators (e.g. Gouliermis et al.ll200d 



Da Rio et al. I l2009l) . Detailed studies of star-formation in the low-metallicity 



environment of the Sm all Magellanic Cloud is being pushed by this team (e.g. 
Gouliermis et al. 201Cll ). but the work is very challenging due to biases through 
crowding, r e soluti on and mass estimation from photometric data. Further, 
Yasui et al.l (|2008f ) find there to be no measurable difference in system MFs 
down to 0.1 M© between the extreme outer Galactic disk and the inner, more 
metal-rich regions. More metals lead to a dustier gas cloud and how the charac- 
teristic dus t grain size may affect the final characteristic stellar mass has been 
studied bv iCasuso &: BeckmanI (|2012| ). 

A metallicity effect for low-mass stars may however be uncoverable from a 
detailed analysis of Milky Way star clusters. Present-day star-forming clouds 
typically have somewhat highe r metal-abundances ([Fe/H ]?^ -1-0.2) compared 
to 5 Gyr ago ([Fe/H]« -0.3) (|Binnev fc MerrifieldlTl998h which is the mean 
age of the population defining the canonical IMF. The data in the empirical 
alpha-plot (Fig. [26l) indicate that some of the younger clusters may have an 
individual-star MF that is somewhat steeper (larger ai) than the canonical 
IMF when unresolved binary-stars are corrected for. This may mean that clouds 
with a larger [Fe/H] produce relatively more low-mass stars which is tentatively 
supported by the typica lly but not significantly flatter MFs in globular clusters 
( Piotto fc Zoccalilll999l ) that have [Fe/H] « —1.5, and the suggestion that the 
old and metal-poor ([Fe/H]= —0.6) thick-disk popu lation also has a flatter MF 
below 0.3 M0 with ai « 0.5 (jRevle fc Robinll200ll ). If such a systematic effect 
is present, then for m ^0.7 Mq and to first order. 



a w 1.3-1- Aa [Fe/H], 



(62) 
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with Aa « 0.5 (|Kroupall2001bh . 

Is this evidence supporting The Variable IMF Prediction (Sec. 11.41) ? 
At the present Eq. [SH needs to be taken as suggestive rather than conclu- 
sive evidence. Measuring the stellar IMF for low-mass stars in metal-poor 
environments, such as in young star-clusters in the Small Magellani c Cloud 
(|Gouliermis et al.ll2005l 120061 : ISchmalzl et"al1l2008t lOa Rio et al]l2009[ ). would 
thus be an important goal. In Sec. 112.71 we will uncover somewhat more robust 
evidence for a variation of the stellar IMF towards top-heaviness with decreas- 
ing metallicity but coupled to increasing density, possibly yielding a for the 
first ti me uncovered variat ion of the overall form of the IMF with metallicity in 
Eq. IMl (|Marks et al.ll2012[) . 

That metallicity does play a role is becoming increasingly evident in the 
planetary-mass regime in that the detected exo-planets appear to occur mostly 



around stars th at are more metal-rich than the Sun (jZucker fc Mazehl 12001 
IVoet et al.l[200^ . 



12.3 Cosmological evidence for IMF variation 



LarsonI (|l998f ) invoked a bottom-light IMF that is increasingly deficient in low- 
mass stars the earlier the stellar population formed, while for high-mass stars 
it is equal to the canonical IMF at all times. This theoretical suggestion is 
motivated by the decreasing ambient temperatures due to the expansion of the 
Universe, implying a decrease of the Jeans mass in a star-forming gas cloud 
and thus a decrease of the average mass of the stars with decreasing redshift. 
Such an IMF could explain the relative paucity of metal-poor G-dwarfs in the 
Solar Neighbourhood (the G-dwarf problem), compared to the predictions of a 
closed-box model for the chemical evolution of galaxies. This is because, in this 
model, low-mass stars form less frequently at times when the self-enrichment of 
galaxies has not yet reached the current level. 



Em pirical evidence for a bottom-light IMF- variation was suggested bv lvan Dokkum 
( 20081 ) in order to explain how the integrated colours of massive elliptical (E) 
galaxies change with red-shift. The stellar populations of E galaxies are old, 
so that they have evolved passively most of the time until the present day. 
Corrected for red-shift, the stellar populati ons of E galax i es are therefore bluer 
the more distant (i.e. younger) they are. Ivan Dokkum ( 2008 ) finds however 
that the observed reddening is less with decreasing redshift than can be ac- 
counted for by stellar evolution. This trend may be understood if the IMF 
were a bottom light power-law with a characteristic mass mc ~ 2Mq and an 
index near 1 Mq of q;2 ~ 1.3 when E galaxies formed, rather than the canonical 
mc « O.lM0,a2 = 2.3. 

But such an IMF appears to be in contradiction with the observed near- 
canonical PDMFs of globular clusters (GCs). Just like E galaxies, GCs have 
formed their stellar populations at high red-shifts. Nevertheless, GCs still have 
a large population of st ars that shoul d not h ave formed in them, according to 
the model proposed in van Dokkum ( 2008h. Thus, the IM F either did not 
have the time-dependency suggested in Ivan DokkumI (|2008l ). or the IMF in 
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GCs was considera bly different from the one in E galaxies (see the review by 
Bastian et al.ll201o( ). By studying va, r ious in tegr ated gravity-sensitive features in 



luminous E galaxies, ICenarro et aD (|2003[ ) and Ivan Dokkum fc Conrovl t01(h 
on the other hand find evidence for a very bottom-heavy IMF. ICenarro et al 
( 20031) propose the IMF to vary according to a = 3.41-1-2. 78[Fe/H]-3.79[Fe/H]2. 

At present it is unclear how these discrepant results may be brou ght into 
agreement. The detailed dynamical analysis by iDeason et al. 1 (t201lh demon- 
strates that E galaxies are consistent with a canonical IMF rather than with a 
bottom-light IMF over a large range of masses. This modelling assumes dark 
matter to provide the mass deficit and it is unclear whether an entirely differ- 
ent approach not relying on the existence of dynamically relevant dark matter 
would lead to a diffe rent conclusion. A contradicting result is obtained by 
Grillo fc Gob"atl (|20in[ ) who show that for a sample of 13 E galaxies a match 



is found between the dynamical masses and photometric (plus dark matter) 
masses if the IMF was a Salpeter power-law, i.e. if it was bottom-heavy relative 
to a canonical IMF (Table pi ). Chemo-evolutionary population synthesis models 
( Vazdekis et al.|[l"996l IQQTl Tneed an initially top-heavy IMF which, after a short 
burst of star formation, becomes bottom-heavy to explain the optical and near- 
infrared colours and line indices of the most metal-rich E galaxies. It is unclear 
at this stage why the dynamical and stellar population modelling of E galaxies 
leads to such diverging results. 

Other empirica l evid ence for a time- variabili t y of the IMF was pr oposed by 
Baugh et all (|2005[ ) and lNagashima et al.l (|2005l ). iBaugh et all (|2005[ ) modelled 



the abundances of Lyman-break galaxies and submillimetre galaxies. Both types 
of galaxies are considered to be distant star-forming galaxies, but the latter are 
thought to be obscured by dust that transforms the ult raviolet radia t ion fr om 
massive stars into infrared radiation. The model from iBaugh et al.l ( 20051 ) is 



based on galaxy formation and evolution via accretion and merging according 
to ACDM-cosmology. They include a detailed treatment of how the radiation 
from stars is converted to dust emission. Their model only returns the correct 
abundances of Lyman-break galaxies and sub-millimetre galaxies if they assume 
two m odes of star formation. One of the two modes suggested bv lBaugh et al.l 
(l2005l) occurs with the canonical IMF and the other one is with a top-heavy 
IMF. The mode with the top-heavy IMF is thought to be active during star 
bursts, which are triggered by galaxy mergers. Quiescent star formation in the 
time between me r gers i s thought to be in the mode with the canonical IMF. 



Nagashima et al.l (|2005l ) used the same model for galaxy evolution in order to 



explain the element abundances in the intra-cluster medium of galaxy clusters. 
They also need the two mentioned modes of star formation in order to suc- 
ceed. Noteworthy is that this two-mode IMF model is qualitatively in natural 
agreement with the IGIMF theory (Sec. [131). In the IGIMF theory the IGIMF 
be comes top-heavy only in star bursts. 

Wilkins et al.l ( 20081 ) note that the stellar mass density observed in the local 



universe is significantly smaller than what would be expected by integrating 
the cosmic star formation history within the standard (dark-matter dominated) 
cosmological model. They show that a single top-heavy power-law IMF with 
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high-mass star index a = 2.15, i.e. a smaller number of long-lived low-mass stars 
per massive star, can reproduce the observed present-day stellar mass density. 

This evidence for IMF-variations stands and falls with the validity of ACDM 
cosmology. Modelling galaxy formation and evolution to be consistent with ob- 
servations is in fact a majo r problem of ACDM cosmology. T here are discrep- 
ancies m the Local Group (iKroupa et al.ll20ld : lKroupall20li ) and in the Local 
Volume of galaxies ( Peebles &: NusseJ 20101 ) that already now shed major doubt 
as to the physical applicability of the concordance cosmological model to the real 
world. For instance, th e actual galaxy po pulation is less diverse than the one 
ACDM theorv predicts (iDisnev et al. 20081) . It thus r e mains to b e seen whether 
the re sults bv iBaugh et al. I (l2005h . iNagashima et al] ()2005h and IWilkins et al " 



( 2008() can be confirmed using a refined model for galaxy evolution, or if in- 
stead a fundamentally different cosmological model, which would yield different 
redshift-time-distance relations, is required. It is noteworthy in this context that 
evidence for top-heavy IMFs in high-star formation-rate density environments 
has emerged, as is discussed in the following sections. 



12.4 Top-heavy IMF in starbursting gas 

We have seen above that the IMF is largely insensitive to star-forming con- 
ditions as found in the present-day Local Group. The observed embedded 
clusters in these "normal" photon-dominated star-forming regions have gas 
plus star densities p ^ 10^ Mq pc~^ {Mcc\ ^ 10^'^ Mq within a half-mass radius 
rji « 0.5 pc). The objects form within about 1 Myr leading to a star-formation 
rate density S'Fi?Z3 < 0.1 Mq pc~^ yr"^ for which no significant IMF variation 
has been found, apart from the trivial variation through the TOmax~-^^cci relation 
fSecimi). 

When the SFRD becomes very high, understanding the formation of individ- 
ual proto-stars becomes a challenge, as they are likely to coalesce before they 
can indi vidually collapse (Eg such that probably a top-heavy IMF may 
emerge ( Dabringhausen et al.l 2010l ). 

For high ambient SFRDs and a sufficiently long duration of the star burst, 
Papadopoulos (2010.) has shown that the cosmic rays (CRs) generated by ex- 
ploding supernovae of type II (SNII) heat the clouds which are too optically thick 
to cool therewith becoming CR dominated regions within which the conditions 
for star formation are significantly altered when compared to normal photon- 
dominated star-forming regions. This Papadopoulos-CR- mechanism raises the 
Jeans mass and must lead to top-heavy IMFs in star-bursts (IPapadopoulos et al 
20111) . 



This is also found by iHocuk fc SpaansI (|2011l ) who compute the IMF which 
arises from star formation in a 800 Mq cloud being irradiated with X-rays and 
CRs as well as UV photons from a population of massive stars and an accreting 
super-massive black hole (SMBH) at 10 pc distance. CRs penetrate deep into 
the cloud therewith heating it, while the ambient X-rays lead to a thermal 
compression of the cloud. Their adaptive-mesh refinement computations with 
the FLASH code include shear which opposes gravitational contraction through 
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self gravity of the cloud. The turnover mass in the IMF increases by a factor 
of 2.3 and the high-mass index becomes a ^2 such that the resultant IMF is 
top-heavy. Shear lessens the effects of the CRs and X-rays by the IMF becoming 
bottom heavy, but only for the most massive SMBHs. Low-mass SMBHs (< 
10^ Mq) or star-bursts without massive BHs would thus lead to top-heavy IMFs 
as long as the CR flux is significant. 

This may well be the d ominant physi c al me chani sm why star-burs t s have 
a top-heavy IMF. Indeed, iKlessen et all (|2007[) and iHocuk fc Spaand (|201ll) 
demonstrate, respectively, with SPH and FLASH simulations, that under warmer 
conditions a stellar mass-spectrum forms which is dominated by massive stars. 
The Jeans mass can also be raised through turbulent heating through expanding 
supernova shells if the explosion rate of SNII is large enough, but details need 
to be worked out (Papadopoulos, 2011, private communication). 

Observational evidence for top-heavy IMFs in regions of high SFRD have 
now emerged for GCs (Sec. \lT7\ and UCDs (Sec. [HH). Top-heavy IMFs are 
also reported in the central regions of Arp 220 and Arp 299 assuming SFRs of 
duration longer than at least a few 0.1 Myr (the evidence becomes less signifi- 
cant for a top-heavy IMF if the objects experienced a star-burst of ^ few 10^ yr 
duration). The central region of Arp 220 has a star- formation rate of 100 Mq/ji 
and the large number of observed type II supernovae requires a top-heavy IMF 
(|Lonsdale et al.ll2006t IParra et al.ll2007l see also Sec. 112. 8|) . Noteworthy is that 
the Arp 220 central region consists of what may be UCD-sized sub-structures 
(Sec. ll2."51) . The high frequency and spatially confined occurrence of supernovae 
in Arp 299 indicates that the star-formation occurs in highly sub-clustered re- 
gions with dimension s less than 0.4 pc and within larger structures of 30 pc 
scale (|Ulvestadll2009l ). This is reminiscent of the cluster-complex m odel for the 
origin of some UCD s ( Fellhauer fc Kroupa 2002 : Briins et al. 201 ll ). Likewise, 
Perez-Torres et al. ( 20091) aiid Anderson et al.'r ( 2011 ) deduce a top-heavy IMF 
in Arp 299 from the relative frequency of different supernova types. 



12.5 Top-heavy IMF in the Galactic centre 

Observations of the Galactic Centre revealed one or two disks of about 6 Myr 
old stars orbiting the centr al super- massive black hole (SMBH) at a distance 
between 0.04 pc and 0.4 pc. Navakshin fc Sunvaev ( 20051 ) argued that the X-ray 
luminosity of the Sgr A* field is too low to account for the number of young 
< 3 Mq stars expected from a canonical IMF, considering the large number of 
O stars observed in the disks. The low X-ray luminosity may be explained by a 
low- mass cut-off near 1 Mq. A more recent systematic search of OB stars in the 
central parsec revealed a significant deficit of B-type stars in the regime of the 
young disks, suggesting a stro ngly top-heavy IMF for these disks with a best-fit 



power law of = 0.45 ± 0.3. ( Bartko et al. 2010l ). This appears to be the very 



best evidence for a truly top-heavy IMF. 

Using SPH s imulations of star formation in fragmenting gas accretion disks, 
Bonnell fc Ricd (2008) find that the IMF of the disk stars can be bimodal (and 
thus top-heavy) if the infalling gas cloud is massive enough (w 10^ 



Mq) and the 
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impact parameter of the encounter with the SMBH is as small as « 0.1 pc. Thus, 
only under quite extreme conditions will a top-heavy IMF emerge, whereby the 
strong tidal forces and the rotational shear seem to be the dominant physical 
mechanisms shaping the IMF since only c loud cores massive enou gh can collapse 
to a star. This is explicitly calculated bv lHocuk fc Spaans ( 2011 ) for a range of 
SMBH masses (Sec. MHi . 

Observations of the central parsec of the Milky Way show that this region is 
dominated by a dense population of old stars with a total mass of « 1.5x 10^ Mq. 
This stellar cluster around the SMBH has also been probed for evidence for a 
non-canonical IMF. By means of stellar evolution models using different codes, 
Lockmann et al.l ( 20101 ) show that the observed luminosity in the central parsec 



is too high to be explained by a long-standing top-heavy IMF as suggested by 
other authors, considering the limited amount of mass inferred from stellar kine- 
matics in this region. In contrast, continuous star formation over the Galaxy's 
lifetime following a canonical IMF results in a mass-to-light ratio and a total 
mass of stellar black holes (SBHs) consistent with the observations. Further- 
more, these SBHs migrate towards the centre due to dynamical friction, turning 
the cusp of visible stars into a core as observed in the Galactic Centre. It is 
thus possible to simultaneously explain the luminosity and dynamical mass of 
the central cluster and both the presence and extent of the observed core, since 
the number of SBHs expected from a canonical IMF is just enough to make up 
for the missing luminous mass. 

In conclusion, observations of the Galactic Centre are well consistent with 
continuous star formation following the canonical IMF. Only the centre-most 
young stellar disks between about 0.04 and 0.4 pc from the SMBH show a highly 
top-heavy IMF, but the circumstances that led to their formation must be very 
rare, since these have not affected most of the central cluster. 



12.6 Top-heavy IMF in some star-burst clusters 



There are indications of top-heavy IMFs such as in some massive star-burst 
clus ters in the M82 galaxy. U sing spectroscopy of the unresolved M82-F clus- 
ter, ISmith Sz Gallaghed (1200 ll) derive, via the inferred velocity dispersion, a 
mass and from the luminosity a mass-to-light ratio that is significantly smaller 
than the ratio expected from the canonical IMF for a 60 Myr population. 
The implication is that the M82-F population may be significantly depleted 
in low-mass stars, or equivalently it may have a top-heavy IMF, provided the 
velocity dispersion is representative of the entire cluster. A possibility that 
will have to be addressed using stellar-dynamical modelling of forming star 
clusters is that M82-F m ay have lost low-mass stars due to tidal shocking 
(jSmith &: Gallaghen 120011 ). Highly pronounced mass segregation which leads 



to a dynamically decoupled central core of OB s tars is an irnporta- nt mechanism 
for reducing the measured mass-to-light ratio (jBoilv et al. liooi), while rapid 



expulsion of residual gas from forming clusters enhances the measured mass-to- 
light ratios (jGoodwin fc BastianI 120061 ). But also a younger age would reduce 
the inferred depletion in low-mass stars and some hints exist that M82-F might 
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be as young as 15 Myr (jMcCradv et al.ll2005l ). 

In an e x tensiv e literature study of Galactic and extragalactic observations 
Elmegreen (l2005l) concluded that dense star-formin g regions like star bursts 
might have a slightly shallower IMF, a view shared bv lEisenhauer ( 2001 ). 



12.7 Top-heavy IMF in some globular clusters (GCs) 

Observations of 17 globular clusters (GCs) for which PDMFs were measurable 
over the mass r ange 0.5 — 0.8 M^, sho wed the higher-metallicity GCs to have 
flatter PDMFs ( Diorgovski et al. 1993f ). This lacked an explanation until now. 
In particular, this trend is difficult to reconcile with standard dynamical evo- 
lution scenarios as it is unclear how dynamics could possibly know about the 
me tal content of a c l uster. 

iDe Marchi et al. ( 2007 ) performed a deep homogeneous star-count survey 
of 20 Milky Way GCs using the HST and VLT and measured the global PDMFs 
in the mass range 0.3 — 0.8 Mq. They discovered the least concentrated GCs to 
have a bottom-light PDMF, while the other GCs show a canonical MF. iV-body 
calculations predict that two-body-encounter driven dynamical evolution pref- 
erentially removes low-mass stars from a star cluster ( Vesperini fc Heggielll997t 
Batmigardt fc MakinolboOSl ). This occurs because two-body relaxation drives 
the cluster into core collapse and energy conservation leads to the expansion and 
thus evaporation of low-mass stars. Thus, the most concentrated star clusters 
are expected to show the strongest depiction of low-mass stars, in disagreement 
with the observations. 

A possibility would be that the low-concentration GCs were formed with a 
bottom-light IMF. However, there is no known theory of star formation which 
could account for this: the low-concentration clusters typically have a higher 
metallicity than the high-concentration clusters (see below in this Sec), and 
so the data would imply that the IMF ought to have been bottom-light in the 
higher-metallicity GCs. This however contradicts basic star-formation theory 
(SecHH). 

This apparent disagreement between theory and observation can be resolved 
if GCs formed mass-segreg ated and with the canonic al IMF (Eg. [55]) for stars less 
massive than about IMq. Baumgardt et al.] ( 20081) performed iV-body models 
usi ng the Aarseth code a nd demonstrate that the range of PDMFs observed 
bv lDe Marchi et all (|2007t ) can be arrived at if GCs were born mass segregated 
and filling their tidal radii such that they do not need to first evolve into core 
collapse and so they immediately begin loosing low-mass stars. However, the 
stellar-dynamically induced trend of PDMF with concentration is not able to 
account for the observed metallicity dependence. Furthermore, it is not clear 
why GCs ought to be formed mass segregated but filling their tidal radii since 
all known young clusters are well within their tid al radii. 

An alternative scenario bv lMarks et"aLl (|2008l ) also assumes the young com- 
pact GCs to be formed mass segregated with a canonical IMF below IMq. 
But after formation the expulsion of residual gas unbinds the low-mass stars 
that typically reside near the outer region of the clusters, leading to flatten- 
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ing of the MF. This ansatz allows for a metal-dependency, since the process of 
residual-gas expulsion is expected to be enhanced for metal-richer gas which has 
a stronger coupling to radiation than metal-poor gas, si milar to the metallicity - 
dependent stellar winds. For each of the 20 GCs in the lDe Marchi et al.l (|2007l ) 
sample, the best-fitting tidal-field strength, radius, star-formation efficiency and 
gas-expulsion time-scale is obtained. This uncovers remarkable correlations be- 
tween the gas-expulsion quantities, the tidal field strength and the metallicities, 
allowing a very detailed reconstruction of the fi rst collapse phase of the Milky 
Way about 12 Gyr ago ( Marks fc Kroupal 2010f ). The correlations for example 
confirm the expectation that gas expulsion is more efficient and thus dynami- 
cally more damaging in metal-richer gas, and also that metal-poorer GCs were 
denser than their metal-richer slightly younger counterparts which were subject 
to stronger tidal fields. 

This in-turn suggests that in order to provide enough feedback energy to 
blow out the residual gas , the IMF had to be top-heavy in dependence of the 



initial density of the GC ([Marks et al.ll2012l) . Assuming the gas leaves a cluster 



with the velocity of the sound speed of about 10 km/s the gas-expulsion time- 



scales for clusters with radii between 0.5 and 1 pc would lie between Tg, 



0.05 



and 0.1 Myr. The resultant high- mass IMF slopes derived for the GCs from 
their individual PDMFs assuming 0.05 ^ Tgas/Myr ^ 0.15 cover a wide range, 
0.9 ^ as ^ 2.3, where is the slope for to ^ 1 Mq, for an IMF that is canonical 
otherwise (Fig. [31]) . 

The calculated IMF slopes also correlate with the metallicity of the GCs, 
such that the PDMFs show the observed correlation after the metallicity-depend- 
ent gas expulsion process ends and the remaining GC revirialises. This corre- 
lation with metallicity, quantified in Eq. [63| (Fig. 1321) . is an important clue, as 
it implies that GCs formed from metal-poorer gas were more compact and had 
a more top-heavy IMF, just as is indeed expected from star-formation theory 
(Sec. [Hand [HI]). 



The Top-Heavy Stellar IMF / Metallicity Dependence: The sug- 
gested dependence of on globular cluster-forming cloud metallicity can be 
parametrised as 



as 
as 



a2 

0.66 [Fe/H] 



2.63 



TO > IM© 

TO > IM© 



A 
A 



[Fe/H] > 
Fe/H] < - 



-0.5, 
0.5. 



(63) 



Strader et al.l ( 2011 ) observed high- resolution spectra of 200 GCs of the An- 
dromeda galaxy and discovered that the near- infrared M/L ratios decrease sig- 
nificantly with increasing metallicity of the GCs. This cannot be explained by 
secular dynamical evolution but follows from a PDMF which is systematically 
more bottom-light for more metal rich GCs. This is thus the same finding as 
discussed above for the 2 GC s of the MW, and a possible explanation put 
forward bv [Strader et al. ( 2011 ) is metaUicity-dependent gas expulsion. 



Marks et al.l ([20121 ) find that as decreases with increasing pre-globular clus- 
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ter cloud-core density, p (Eq. |64l Fig. [31]). Such a trend is to be expected theo- 
retically if the massive and initially dense GCs, each of which was a star-burst 
(star-formation rate density SFRD ^ 0.1 M0/(yr pc'^) for an initial half-mass 
radius of about 0.5 pc and formation time-scale of about 1 Myr), involves the 
merging of proto-stellar cores since the collision probability is higher in denser 
systems (Eq. l60t. 

The high-mass IMF index as thus depends on p and on [Fe/H]. The in- 
creasing top - heavin ess, deduced with a principle-component-type analysis by 



Marks et al.l (|2012l ). with decreasing [Fe/H] and increasing p is quantified here 
for the first time in Eq. [65] and Fig. [34] It is remarkable that the theoretically 
expected trend of the IMF with p and [Fe/H] has now emerged from elaborate 
stellar-dynamical analysis of deep observations of GCs. 

The extremely top-heavy IMFs for some of the GCs raise the question 
whether they could survive the strong mass loss these IMFs imply due to 
stellar evolution. Th is is especially an issue if clusters start mass-segregated 



( Vesperini eral]l2009l ) 



12.8 Top-heavy IMF in UCDs 

Further independently obtained evidence for top-heavy IMFs at high SFRDs 
comes from ultra compact dwarf galaxies (UCDs) which have been observed in 
nearby galaxy clusters. They typically have eff'ective radii of a dozen pc, and are 
understood to have formed as a star-burst (SFRD w 1 — 100 Mp,/{yY pc'^) for an 



initia l radius of about 1 pc and formation time scale of 1 Mvr. lDabringhausen et al. 



200i). The Papadopoulos-CR- heating process fSec. 112.4]) may be a factor during 



the formation of UCDs. They are, like galaxies, collisionless stellar-dynamical 
systems such that two-body relaxation dr iven evaporation of low-mass stars is 



insignificant, contrary to the c ase for GCs ( Anders et al. 20091 : Misgeld fc Hilker 
201ll : lForbes fc Kroupallioill) . 

For a significant sample of UCDs high resolution spectra are available al- 
lowing estimates of their stellar velocity dispersions. These velocity dispersions 
and the effective radii imply dynamical masses between 10^ and IO^Mq. The 
dynamical masses of UCDs are thus similar to the values of the much more 
extended dwarf spheroidal (dSph) galaxies. Combining the dynamical masses 
of UCDs with their luminosities leads to estimates for their dynamical mass- 
to- light (M/L) ratios. While the uncertainties of these estimates are large, the 
most likely values for these M/L ratios are systematically higher than compared 
to the expectation for a stellar population that formed with the canonical IMF. 

Dark matter is not a viable explanation for the enhanced M/L ratios of 
UCDs, given the current understanding of how UCDs are formed. One such 
idea is that UCDs evolve from star cluster complexes as are ob served in in- 



terac ting systems like the Antennae (NGC 4038 and NGC 4039, 1 B runs et al 



20111 ). The 300 — 500 Myr old ultra- massive "star cluster" W3 in the merger 
remnant galaxy NGC 725 2 is indeed an object that supports such a model 
( Fellhauer fc Kroupalliooi) since it is too young for it to be a stripped nucleus 



of a nucleated dwarf galaxy. Another idea is that UCDs are extremely mas- 
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sive GCs (e.g. iMieske et al.ll2002f) . This notion is motivated by the similarities 
that UCDs share with GCs, e.g. their seemingly continuous mass-radius rela- 
tion. Thus, there is supportive evidence for both concepts, but they also imply 
that UCDs are essentially free of dark matter. Also note that dSph galaxies are 
usually thought to populate the least massive and therefore the most dense dark- 
matter halos. However, the dark matter densities inferred from the dynamics of 
dSph galaxies are still about two orders of magnitude too low to influence the 
dynamics of UCDs to the required extenlFI. This leaves a variation of the IMF 
as the most natural explan ation for the high dynamical M/L ratios of UCDs 



( Dabringhausen et al. 2009() 



In an old stellar system like a UCD, both a bottom-heavy IMF and a top- 
heavy IMF lead to a M/L ratio that exceeds the expectation for the canonical 
IMF. In the case of a top-heavy IMF, the M/L ratio of the stellar population 
is high only if it is old. This is because in an old population, the massive (and 
therefore bright) stars have turned into essentially non-luminous remnants. In 
the case of a bottom- heavy IMF, the M/L ratio of the stellar population is 
enhanced by the high M/L ratios of low-mass stars. The two cases are not easy 
to distinguish by observations, simply because in either case a population that 
is characterised by its low luminosity would have to be detected. 

If the high M/L ratios of UCDs are caused by a bottom-heavy IMF then this 
should be traceable for the highest M/ L ratios by a characteris tic absorption 
feature in the spectra of low-mass stars ( Mieske fc Kroupall2008l ). 



If, in contrast, the high M/L ratios of UCDs are the consequence of a top- 
heavy IMF then this may be noticeable by the number of UCDs with bright 
X-ray sources. A system can form low-mass X-ray binaries (LMXBs) by stellar- 
dynamical encounters between black holes and neutron stars on the one hand, 
and main-sequence stars on the other. When the main sequence star evolves 
its companion remnant may accrete its envelope therewith becoming visible as 
an LMXB. Assuming a canonical IMF it has been shown that the incidence of 
LMXBs in GCs generally follows the expected correlation with GC mass. UCDs 
however turn out to be far over-abundant as X-ray sources. This overabundance 
of UCDs as X-ray sources can be accounted for with the same top-heavy IMF 
dependence on UCD mass as is obtained independently from matching the M/L 
ratios. This constitutes a strong indication that UCDs formed with top-heavy 



IMFs (jDabringhausen et al.ll2012l) 



The results reported in Sec. ll2.7l on GCs and here on UCDs are compared in 
the as vs birth-density diagramme (Fig. [SI] Eq. [64| . A remarkable agreement 
of how cka varies with birth density for GCs and UCDs emerges. 

Would UCDs with the deduced top -heavy IMF survive mass loss through 
stellar evolution? iDabringhausen et al.l (Hoifl) calculate a set of numerical mod- 
els for the early dynamical evolution of UCDs with the canonical IMF and 
top-heavy IMFs, using the particle-mesh code Superbox. They assume that 
UCDs are hyper-massive star clusters, i.e. that their stellar population formed 



^^Adiabatic contraction l lBlumenthal et al.l|l986h in UCDs may however alleviate this prob- 
lem but unlikely sufficiently so l lMurravll20'09[) ^ 
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Figure 31: The high- mass IMF slope, 03, deduced for Galactic GCs (open circles) 
as a function of the pre-GC cloud-core density within their initial half-mass radii 
fSec. I12.T)) . Upper limits are for a gas-expulsion time-scale of Tgas = 0.15 Myr, open 
circles are for Tgas = 0.1 Myr and the lower limits are for Tgas = 0.05 Myr. Also plotted 
are MP slope values found in the literature for the massive, young clusters NGC 3603, 
Arches, Wdl and R136. Their corresponding cloud-core densities were calculated using 
their PD half masses within their PD half-mass radii (0.2 pc for NGC 3603, 0.24 pc for 
Arches, Ipc for Wdl, 1.1 pc for R136) assuming that the clusters have formed with 
a SFE of 1/3, i.e. their gaseous progenitors were three times more massive and that 
their sizes did not change. The filled symbols correspond to simulations devoted to 
finding the most probable IMF slopes in systems of different density that lead, after 
residual gas expulsion and supernova driven evolution, to objects that resemble the 
properties of UCDs today (Sec. ll2.8|l . Different symbols correspond to different input 
parameters (star formation efficiency SFE and heating efficiency HE; see Sec. 112. 
The overall trend for GCs and UCDs is consistent in the sense that denser systems 
form fiatter IMFs. The solid line is a fit to the GC data (Eq. |64l). Below 1 Mq, the 
assumed IMFs are equal to the canonical IMF (Eas.[51andl55p. The gray shaded region 
at as < 1 are IMFs which contain more than 99 per cent mass in stars with m > 1 Mq 
making cluster survival after supernova explosions unlikely. Note that if the GCs and 
UCDs form on a time scale of 1 Myr then their st ar-formation rate densities would be 
0.1 - lOOM0/(yr pc^). From lMarks et al.1 (I2OI2D . 
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Figure 32; The high- mass IMF slope, 03, deduced for Galactic GCs (open circles) 
as a function of the GC metallicity (Sec. 112.7)) . Otherwise as Fig. 1311 
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in a starburst that took place in a dense molecular cloud. A short formation 
time-scale o f the UCDs is inde e d sug gested by the enhanced a-element abun- 



dances that lEvstigneeva et al.l (|2007l ) report for them. This implies that all 
massive stars of a UCD evolve over a time-span of approximately 40 Myr, i.e. 
the life-time of the least massive stars that become a type II supernova. 



The main driver for the dynamical evolution of a UCD during this epoch 
is the mass-loss through gas expulsion and supernova explosions. The rate of 
this mass loss depends on a number of parameters: the rate at which energy is 
deposited into the interstellar gas of the UCD, the rate at which the interstellar 
gas is replenished by the ejecta from type II supernovae, the star formation 
efficiency (SFE, which sets how much interstellar gas can be expelled aside 
from supernova ejecta) and the heating efficiency (HE, which is the fraction of 
the energy inserted into the interstellar medium that is not radiated away but 
used up by remo ving gas from the UCD). Thi s mass loss and the consequences 
are quantified in Dabringhausen et al. ( 2010l) by comparing the energy input 
by type II supernova explosions and the radiation of stars over a small time 
interval with the binding energy of the gas that is bound to the UCD at that 
time, leading to individual mass-loss histories for each of the considered UCD 
models. These mass-loss histories are implemented into the code that is used 
to calculate their dynamical evolution. 



The mass loss is more pronounced the more top-heavy the IMF is because 
more matter is set free by stars that evolve fast and the energy deposition rates 
are high. As a result, UCDs with a very top-heavy IMF dissolve because of 
heavy mass-loss, except for very high SFEs. Such high effective SFEs may be 
realistic because the matter lost from stars will accumulate within the UCD an d 
may form new stars (jPflamm-Altenburg fc Kroupall2009al : IWiinsch et al.ll201lh . 
In that case, the UCD models with a high-mass IMF slope close to as = 1 evolve 
into objects that resemble an observed UCD at the end o f the calculation. For 
moderate SFEs, the models in lDabringhausen et al. I (l2010l) evolve into UCD-like 
objects if they have either the canonical IMF or a moderately top-heavy IMF 
with a high-mass slope in between 1.5 and 2. However, as shown above, the 
case of the canonical IMF can be excluded due to the high M/L ratios of and 
high LMXB-occurrences in UCDs. The UCD models that are consistent with 
the constraints set by observed UCDs also have IMFs and initial densities that 
are remarkably close to the high-mass IMF slope versus initial cloud densities 
derived for Galactic GCs (Sec. 112. 7p based on their PDMFs, as can be seen in 
Fig. EH 



The variation of the IMF with cluster-forming cloud density can be sum- 
marised as follows: 
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The Top-Heavy Stellar IMF / Density Dependence: Resolved stellar 
populations show an invariant IMF (Eq. [55|), but for SFRD > 0.1 MQ/(yr pc^) 
the IMF becomes top-heavy, as inferred from UCDs and some GCs. The 
dependence of on cluster-fo rming cloud densi ty p (stars plus gas) can be 
parametrised for m > 1 Mq as ( Marks et al.ll20l"2h 



as = a2, P< 9.5 x 10^ MQ/pc^ 

aa = 1.86 -0.43 logio (pci/(10^Mopc-3)) , p > 9.5 x lO'^ Mg/pc^ ^ ' 



This IMF is in good agreement with the supernova rate observed in Arp 220 
and Arp 299 (Sec. [T2^ . Note that for to < 1 Mq the IMF is canonical (Eq.[55t. 
Note also that the top-heavy IMF is a fit to the GC constraints, and that this 
provides a good description of the independent constraints arrived at by the 
UCDs. 



12.9 The current state of affairs concerning IMF variation 
with density and metalHcity and concerning theory 

The results achieved over the past decade in self-consistent gravo-hydrodynanii- 
cal modelling of star formation in turbulent clouds with the SPH and FLASH 
methods have been very successful (Sec. 13. 3|) . This is evident in the overall 
reproduction of the stellar IMF as well as of the TO^ax — M-ci relation allowing 
detailed insights into the physics driving the growth of an ensemble of stars 
forming together in one CSFE (see Definitions on p. [201) with and without 
feedback. Also, computations with these same techniques of the fragmentation 
of circum-proto-stellar disks lead to an excellent agreement with the BD IMF. 
These simulations have not yet been able to reproduce the birth binary-star 
properties (Sec. 12. 6[) which may be due to as yet necessarily inadequate inclu- 
sion of the various feedback processes but also because the smoothing length 
and sink-particle radius required in every SPH simulation limits the binary- 
orbital resolution to at least a few 100 AU. Computational star-formation has 
also ventured into the difficult terrain of including magnetic fields and radia- 
tive feedback finding a certain degree of compensating effects in terms of the 
emerging stellar masses with a significantly reduced star-formation efficiency 
(Sec. [in]). 

Following on from above, the current situation of our understanding of IMF 
variations may be described as follows fSec. ll.4[|ll.ip : Theory has, over decades, 
robustly predicted the IMF to vary with star-forming conditions such that metal 
poor environments and/or warmer gas ought to lead to top-heavy IMFs. Ob- 
servations and their interpretation including corrections for biases have, on the 
other hand, been indicating the IMF to be invariant, this being the consensus 
reached by the community as mitiga ted in most reviews. The suggestio ns for 



top-heavy IMFs in star bursts (e.g. lElmegreenI 120051 : lEisenhaueij 120011 ) were 



typically taken to be very uncertain due to the evidence stemming from distant 
unresolved and hard-to-observe star-forming systems. 
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Now theoretical work has set itself th e task of exp l aining the inv a riance , 
and various suggestion s have been made: Bate! (2005 ): Bonnell et al. ( 200d) 



Elmegreen et al.r(|2008[ ): lBatel (|2009^ : lKrumholz et all (|2010l ): lMvers et al 



(20111) 



But evidence in favour of IMF variations has proceeded to come forth. 

Perhaps the first tentative indication from resolved stellar populations for a 
possible change of the IMF towards a bottom-heavy form with increasing metal- 
licity of the star-forming gas has emerged through the analysis of recent star 
forming events (Eq.l62p. This evidence is still suggestive rather than conclusive. 
And even if true it is very difficult to extract any IMF-variation because of 
combinations of the following issues that mask IMF variations as they typically 
act randomisingly: 



Masking IMF variations: 

• Major uncertainties in pre-main sequence stellar evolution tracks (foot- 
note [3] on p. [T3| . 

• The loss of low-mass stars from young, intermediate and old open clusters 
through residual gas expulsion and secular evolution. 

• Different evolutionary tracks of initially similar star clusters subject to 
different tidal fields. 

• By observing the outcome of current or recent star formation we are re- 
stricted to it occurring under very similar physical conditions. 

• By using the canonical IMF as a bench mark, IMF variations become 
more difficult to unearth: the variation about the mean is smaller than 
the difference between the extrema. 

• The fossils of star-forming events that were very different to our currently 
observationally accessible ones are given by Galactic GCs and dSph satel- 
lite galaxies. But given their typical distances, the PDMFs were not reli- 
ably measurable below about 0.5 M©. The evidence for or against varia- 
tions of the MF has thus been limited to the mass range 0.5 — 0.8 Mq. 



The landmark paper bv lDe Marchi et all (|2007t ) (Sec. fT2J|) for the first time 



provided unambiguous evidence for a systematically changing global PDMF in 
Galactic GCs. This break-through became possible because the PDMF could 
be measured down to about 0.3 A/q with the HST and VLT for a homoge- 
neous sample of 20 GCs giving us a greater leverage on the PDMF and the 
dynamical history of the GCs. It emerges that the only model able to account 
for the observed variation and its correlation with metallicity is one in which 
the IMF becomes increasingly top-heavy with increasing density (Eq. I64|) and 
decreasing metallicity (Eq. I63p in a gas-expulsion scenario. A gas-expulsion ori- 
gin is independently also suggested as an explanation for the metallicity-M/L 
anti-correlation whi ch follows from a hig h-resolution analysis of 200 GCs of the 



Andromeda galaxy (jStrader et al.ll2011r ). 
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Furthermore, the modern observations of UCDs have lead to the discovery 
that they typically have somewhat elevated M/ L ratia which can be explained 
by a top-heavy IMF systematically changing with UCD mass. The enhanced 
frequency of UCDs with LMXBs can also be explained with a top-heavy IMF 
systematically changing with UCD mass. And, both independent results on how 
the IMF varies with UCD mass agree (Sec. 112. 8|) . Last not least, the deduced 
variation of the IMF in UCDs is in good agreement with the variation of the 
IMF as deduced from the de Marchi, Paresce & Pulone GCs, when expressed in 
terms of the density of the star-forming cloud. Notwithstanding this agreement, 
the arrived at variation of the IMF is also consistent with the top-heavy IMF 
suggested in star-bursting systems such as Arp 220 and Arp 299 (Sec. 112.41 
112. 8|) . The evidence for top-heavy IMFs thus comes from GCs and UCDs that 
had SFRDs higher than any other known stellar-dynamical system including 
elliptical galaxies which had global SFRD ^ 4 x 10~^ Mq pc~^ yr~^ for radii of 
about 5 kpc and formation time-scales of about 0.5 Gyr. 

The thus inferred systematic variation of the stellar IMF with metallicity is 
documented in Fig. [33l Note that there is an implicit dependence of the IMF 
on the density of the star- forming cloud (Eq. [64)) . The metallicity and density 
dependencies are correlated because metal poorer gas clouds may collapse to 
larger pre-cluster densities than metal rich clouds which fragment earlier and 
into smaller masses. 

This correlat i on is e vident in the dependency of as on p and [Fe/H] calculated 
bv iMarks et al. (2012) using a principle component- type analysis of the GCs 



discussed in Sec. 112.71 It is formulated in Eq. |65]and plotted in Fig. [ 



The Stellar IMF Dependence on Density and Metallicity: Re- 
solved stellar populations show an invariant IMF (Eq. [55]), but for 
SFRD^O.l MQ/{yT pc"^) the IMF becomes top-heavy, as inferred from deep 
observations of GCs. The dependence of as on cluster-forming cloud density, p, 
(stars plus gas) and metallicity, [Fe/H], can be parametrised as 

as = ^2, m>lM0 A a; < —0.89 

as = -0.41 XX + 1.94, m > 1 Mq A x> -0.89 



X ■ 



-0.14 [Fe/H] + 0.99 log^Q (p/ (lO^ Mq pc-^)) 



(65) 



How does this suggested dependence of the IMF on metallicity compare with 
the observational exclusion of any metallicity dependence in the Local Group 
(Fig. [U? The SMC has [Fe/H]« -0.6 such that on average as « 2.1 (using 
Eq. [631) which is consistent with the SMC datum in Fig. [8] For the LMC 
[Fe/H]sa —0.4 such that on average as « 2.3 which is consistent with the LMC 
data in Fig.[Sl Thus, the IMF variation deduced from GCs and UCDs are easily 
accommodated by the Local Group data. 

On galaxy scales, tentative evidence for IMF variations has begun to emerge 
in 2003 with the prediction that the IMF in a whole galaxy ought to be steeper 
(top-light) if the stellar IMF were invariant (Sec. [T5)) . This (unwantingly) re- 
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Figure 33: The variation of the stellar IMF with metallicity (Eq. [62] and [63]). The 
IMFs are normalised to agree at 1 Mq . Note that the figure is based for m < 1 Mq 
on an extrapolation of Eq. l62l below about [Fe/H]~ —0.5. Is th is the long so u ght a fter 
systematic variation of the stellar IMF with metallicity? From [Marks et aU l|2012h . 
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Figure 34: The variation of the stellar IMF with metallicity and cloud density 
(Eq. I65p as deduced from deep observations of MW GCs using a principal-component- 
type analysis. From iMarks et al.i {201% ). Otherwise as Fig. [5T1 
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solved the long-standing but mostly ignored discrepancy between the canonical 
IMF index a = 2.3 and the Scalo IMF index for the MW field (a « 2.7), and 
generalisation to galaxies of different type lead to an immediate understanding 
of the metallicity-galaxy-mass relation and other systematic effects. 

The first observational evidence for a systematic change of the galaxy-wide 
IMF indeed appeared in 2008 and 2009 (Sec. [1321 below). 

In Conclusion of this Sec. [I2j Recent research has begun to uncover increas- 
ing evidence for a possible systematic variation of the IMF in agreement with 
the theoretical expectations, but this evidence requires verification by further 
observational work. At present the here quantified systematic variation of the 
IMF is more of a suggestion than established fact, but this suggestion may give 
a framework and a target for future work. 



13 Composite Stellar Populations - the IGIMF 

The IMF in individual pc(cluster)-scale star-forming events ranging in mass 
from a few M© up to 10* Mq is reasonably well constrained, as the previous 
sections have shown. Integrated galaxy-wide properties, on the other hand, 
depend on the galaxy-wide content of all newly formed stars, i.e. on the compo- 
sition of all collective star formation events (CSFEs. i.e. embedded star clusters. 
Sec. [1]) in a galaxy. 

Following philosophical Approach A (Sec. 11.51) . it has usually been as- 
sumed that the galaxy-wide IMF is identical to the canonical stellar IMF which 
is established on the pc-scale events. This is based on the simplest-of-all as- 
sumptions that the stellar distribution is sampled purely randomly from the 
invar iant IMF, i . e. tha t the IMF is a probabilistic density distribution function 
(e.g. lElmegreen l2004h . Thus for example, 10^ clusters, each of 10 Af©, would 
have the same composite (i.e. combined) IMF as one cluster with mass 10^ Mq. 
This assumption, while being simple, has important implications for the as- 
trophysics of galaxies. For example, luminosities such as the Ha flux would 
scale linearly with the SFR leading to the much discussed Kennicutt-Schmidt 
star-formation law, Ssfr oc with N 1.5, where Ssfr and Ey^s are the 



SFR surface density a nd gas- mass surface density, respectively (jKennicutt et al 



1994 lKennicuttll2008l ). 



The existence of the physical mmax — -^^cci relation (Sec. l3.3|) has, on the other 
hand, profound consequences for composite populations. It immediately implies, 
for example, that 10^ clusters, each weighing IOA/q, cannot have the same 
composite (i.e. combined) IMF as one cluster with 10^ M©, because such small 
clusters can never make stars more massive than about 2.5 Af© (Fig. [5]). And 
since low-mass clusters are far more numerous than massive clusters, galaxies 
would have steeper composite, or integ rated galactic IMFs (IGIM Fs), than the 
stellar IMF in ea ch individual clus ter ( Kroupa fc Weidneill2003i also hinted at 



independently bv lVanbeveren|[l982l ) . Furthermore, massive-star-sensitive galaxy 
luminosities would not scale linearly with the SFR leading to a signiflcant re- 
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vision of the Ha-SFR relation with corresponding major imphcation for the 
galaxy-wide star-formation law {N = 1 instead of 1.5, Eq. [73] below). 

This is indeed supported to be the case by the theory of star formation (see 
the BVB Conjecture on p. US]) which implies Optimal Sampling to possibly 
be closer to reality than the purely probabilistic IMF approach. 

13.1 IGIMF basics 

The galaxy-wide IMF, the integrated galactic IMF, is the sum of all the stellar 
IMFs in all CSFEs formed over a time span St. While this is a next to trivial 
concept, it turns out to be extremely powerful in particular when its foundation 
is sought in Approach B (Sec. II. 5|) . i.e. in Optimal Sampling (Sec. 12. 2[) . The 
IGIMF is therefore the integral over the embedded cluster MF (ECMF, ^oci): 



Definition: The IGIMF is an integral over all star-formation events in a given 
star-formation "epoch" t,t + St, 



/■Mcol.max(SFfl(t)) 

£,lGIMF(m;t) = C ("^ < "imax (A^ocl)) Cccl(Afocl) rfA^ccl, (66) 

"'A/ecl,mi„ 

with the normalisation conditions eqs. 1691 and 1701 

Meci - mi„ax(A'4ci) = / m' £,{m')dm' , 

JO.QTMq 



1 = / £,{m')dm', 



mmax(A'4cl) 

which together yield the mmax — Med relation (Eq. [TT|). 



Here ^{m < Wmax) Ceci(-^oci) dMcc\ is the stellar IMF contributed by ^oci dM^ci 
CSFEs with stellar mass in the interval Mod, M^d + dM^d- The ECMF is often 
taken to be a power-law, 

Cecl(Afccl) « MJ, (67) 

with /3 « 2 (iLada fc Ladall2003l) . whereby an "embedded cluster" is taken here 



to be a CSFE and not a gravitationally bound star cluster (see Definitions 
on p. Meci,max follows from the maximum star-cluster-mass vs global-star- 
formation-rate-of-the-galaxy relation, 



SFR ^ 



MecLmax = 8.5 X 10^ ( -^^^ ) , (68) 



(Eq. 1 in lWeidner fc Kroupal[200l as derived by IWeidner et al.l 20041 using ob 



served maximum star cluster masses). A relation between Mod, max and SFR, 
which is a good description of the empirical data, can also be arrived at by 
resorting to Optimal Sampling. It follows by stating that when a galaxy has. 



137 



13 COMPOSITE STELLAR POPULATIONS - THE IGIMF 

13.2 IGIMF applications, predictions and observational verification 



at a time t, a SFR{t) over a time span 6t over which an optimally sampled em- 
bedded star cluster distribution builds up with total mass Mtot(i), then there 
is one most massive CSFE, 

1= / ^ecilM^.O'^ACi, (69) 

with M\j being the physical maximum star cluster than can form (for practical 
purposes Mu > 10^ Mq), and 

SFR{t) = = - J^^ M^,i ecci(M^ci) rfA^cci- (70) 

A/oci,min = 5 Mq IS adopted in the standard modelling and corresponds to 
the smallest "star-cluster" units observed (the low-mass sub-clusters in Taurus- 
Au riga in Fig. [51. 



Weidner et al.l (|2004 ) define 6t to be a "star-formation epoch" , within which 
the ECMF is sampled optimally, given a SFR. This formulation leads naturally 
to the observed Mec\,max{S F R) correlation if the ECMF is invariant, (3 sa 2.35 
and if the "epoch" lasts about St — 10 Myr. Thus, the embedded cluster 
mass function is optimally sampled in about 10 Myr intervals, independently 
of the SFR. This time-scale is nicely cons istent with the sta r-formation time- 
scale in normal galactic disks measured bv lEgusa et al. (2004) using an entirely 



independent method, namely from the offset of HII regions from the molecular 
clouds in spiral-wave patterns. In this view, the ISM takes about 10 Myr to 
transform via molecular cloud formation to a gas-free population of dispersing 
young simple stellar populations. 

The time-integrated IGIMF then follows from 

6gimf("i) = J — dt, (71) 

where tq is the age of the galaxy under scrutiny. The time-integrated IGIMF, 
Cigimf(''7t-), is the stellar IMF of all stars ever to have formed in a galaxy, and 
can be used to estimate the total number of supernovae ever to have occurred, 
for example. (,igimf {nT-', t) , on the other hand, includes the time-dependence 
through a dependency on SFR{t) of a galaxy and allows one to compute the 
time-dependent evolution of a stellar population over the life-time of a galaxy, 
e.g. its instantaneous population of massive stars (Fig. [35]). Note that 

6gimf(to) = (^) 6GiMF(TO;t) iiSFR{t) = const. (72) 



13.2 IGIMF applications, predictions and observational 
verification 

Since stellar clusters with larger masses are observed to form at higher SFRs 
(Eq. [68| . the ECMF is sampled to larger masses in galaxies that are experiencing 
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-10 12 

logio(m/Mj 

Figure 35: The dependence of the logarithmic IGIMF (Eq. [66)1 on the SFR of a 
galaxy. The IGIMF is normalised by the total number of stars such that it does 
not change visibly at low stellar masses in this plot. This IGIMF has been com- 
puted by adopting the canonical IMF which becomes top-heavy at embedded-star- 
cluster densities p > 10^ i\/0/(yrpc^) (Eq. [64|, an ECMF with 13 = 2, Mcci.min = 
5 Mq and the semi-analytical nimax — M^d relation (Eq. \12\i . For a given Meci, 
p = (| Mad/ SFE) 3/(4 7rrQ 5) is the cloud (stellar plus gas) density, whereby a star- 
formati on efficiency of SFE = 1/3 and initial half-mass radius rp.s = 0.5 pc are as - 
sumed ijMarks fc Kroupal I2OI0I : lOabringhausen et al.l I2OI0I : iMarks fc Kroupal I2OI2I I. 
The thin lines are IMFs with different power-law indices, a', for m > 1.3 
(the IGIMF is identical to the canonical IMF, Eq. 1551 below this mass), a' = 
1.5,1.7,1.9,2.1,2.3,2.4,2.6,2.8,3.0,3.5,4.0 (top to bottom), whereby the canonical 
value a' — 2.3 = as is shown as the thick dashed line. Thus, for example, the 
IGIMF has 1.9 < a' < 2.1 when SFR = WMq/jv. 
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high SFRs, leading to IGIMFs that arc flatter than for low-mass galaxie s that 
have only a low-level of star- formation activity. IWeidner fc Kroupal ( 20051 ) show 
that the sensitivity of the IGIMF power-law index for m<^l Mq towards SFR 
variations increases with decreasing SFR. In starbursts extendiii g to SFR « 
10^ Mq /yr the IGIMF can become top-heavy (! Weidner et al. I I2OIII) because the 
ultra-massive star clusters that enter the IGIMF integral have top-heavy IMFs 
(Eq. |64)) . The dependence of the IGIMF on the SFR of a galaxy is shown in 
Fig.ES]). 

Thus, galaxies with a small mass in stars can either form with a very low 
continuous SFR (appearing today as low-surface-brightness but gas-rich galax- 
ies) or with a brief initial SF burst (dE or dSph galaxies). It is also possible for 
a dwarf galaxy to evolve through multiple bursts such that its IGIMF varies. 
Thus the IGIMF ought to vary significantly among dwarf galaxies (Fig. [35]) . 
In all cases, however, the IGIMFs are invariant for to^I.SM© which is the 
maximal stellar mass in 5 Mq "clusters" (Fig. [5]) , assuming Afoci,min = 5 Mq to 
be the invariant lower-mass limit of CSFEs. 

An interesting application of the IGIMF theory to a particular system, our 
MW Bulge, is as foUows: By studying the metallicity distribution of Bulge 
stars, ( Ballero et al. 2007al lb among others) deduce the Bulge of the MW to 
have formed rapidly on a time scale of ^ 1 Gyr with a top-heavy IMF with 
as ^2.1. Given that the mass of the MW Bulge amounts to about IQ^^ Mq, 
it follows that the Bulge would have formed with SFR > IOMq/yt. From 
Fig. [35] it can be seen that the resulting IGIMF has an equivalent power-law 
index 1.9 < a' < 2.1 for m > 1.3 M0, in excellent agreement with the IMF 
constraints based on the metallicity distribution. The IGIMF theory therefore 
naturally accounts for the Bulge IMF, that is, no parameters have to be adjusted 
apart from specifying the SFR. 

Because the IGIMF steepens above about 1.3 M© with decreasing SFR, this 
being the IGIMF-ejfect, all galaxy-wide applications based on a constant IMF 
require a critical consideration and possibly a complete revision. A few stud- 
ies on the outcome when a galaxy-wide constant IMF is replaced by a SFR- 
dependent IGIMF do already exist: Low-surface-brightness galaxies would ap- 
pear chemically young, while the dispersion in chemic al properties ought to be 
larger for dwarf galaxies t han for more massive galaxies ( Goodwin fc Pagel 2005 ; 
Weidner fc Kroupal 2005 ) . The observed mass-metallicity relati on of galaxies 



can b e naturally explained quantitatively in the IGIMF context (jKoppen et al 



20071). The [a/Fe] element abundance ratios of early- type galaxies, which de- 



creases with decreasing stellar v elocity dispersion, can be understood as an 
IGIMF-effect (|Recchi et al.ll2009[ ) with the associated reduction of the need for 
downsizing. And indeed, the chemical evolution modelling of the Fornax dwarf- 
spheroidal satellite galaxy demonstrates that this system must have produced 
stars up to at most about 25 Mq in agreement with the prediction of the IGIMF 
theory given the low SFR « 3 x 10~'^ M©/yr deduced for this system when it 
was forming stars in the past (|Tsuiimotoll201 11 ) . Another interesting implication 
is that the number of supernovae per star would be significant ly smaller over cos- 
mological times than predicted by an invariant Salpeter IMF ( Goodwin fc Pagel 
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20051 Fig. [36]), except in phases when the average cosmological SFR is higher 
than about lOM0/yr. 

The relation between the produced total Ha luminosity and the underlying 
SFR is linear in the classical Kennicutt picture, i.e. in the context of a constant 
galaxy- wide IMF. It turns out that this relati on becomes strongly non-linea r 
at SFRs comparable to the SMC and smaller (|Pflamm-Altenburg et al.l 120071 ). 
The implication of the revised Lhq-SFR relation is fundamental: In the classical 
picture the calculated gas depletion times (r, the ratio of available neutral gas 
mass and current SFR) of dwarf irregular galaxies are much larger than those 
of large disk galaxies. This has been taken to mean that dwarf galaxies have 
lower "star- formation efficiencies", 1/t, than massive galaxies. But the IGIMF- 
revised Lhq ~ SFR relation reveals a fundamental constant gas depletion time 
scale of about r = 3 Gyr over almost five orders in ma gnitude in total galaxy 
neutral gas mass ( Pfiamm-Altenburg fc Kroupa 2009bf) . Dwarf galaxies thus 
have "star formation efficiencies" comparable to those of massive galaxies. 

Furthermore, it is possible to formulate the IGIMF on local scales and not 
only on global (galaxy-wide) ones. This can be achieved straightforwardly by 

replacing all galaxy- wide quantities in the IGIMF-theory (Eq. [ M]) bv their corre- 

spo nding surface densities. This local IGIMF (LIGIMF) theory (jPflamm-Altenburg &: Kroupa 
1200 8) readily explains the observed radial Ha cut-off in disk galaxies a s well as 
the different radial profiles in Ha and FUV observed bv lBoissier et al. ( 2007 ). 

Summarisin g the two star-formation laws of galaxies which em erge from the 
IGIMF theory ()Pfiamm-Altenburg fc Kroupall2007ll2008ll2009bl) . 



SFR 

Mq yr- 



1 



2.8 Gyr Mg 



^SFR 



Mq pC-2 yr- 



2.8 Gyr Mq pc 



2 ' 



(73) 



where SFR is the global star-formation rate of the galaxy with mass in neutral 
gas mass of Afgas, and Ssfr and Sgas are the surface star formation rate and 
surface gas densities, respectively. 

A compilation of a number of issues relating to the astrophysics of galaxies 
that are naturally resolved within the IGIMF theory are listed in the box IGIMF 
Successes fp. I142p . 

The IGIMF concept has allowed a number of predictions: Based on the 
IGIMF-theory a decreasing gala xy- wide Ha/FUV-flux rati o with decreasing to- 
tal SFR has been predicted (Pflamm-Altenburg et al.ll2009l) . This pre diction has 



been confirmed quali tatively (IMeurer et al.ll2009l) and quantitatively (|Lee et al. 
2009( ). Additionally, Hovers ten &: Glazebrookl ( 2008() found, in the integrated 



properties of over 50000 SDSS galaxies, that galaxies of lower mass seem to have 
steeper IMFs than more massive ones, as would be expected from the IGIMF. 
A direct confirmation of the IGIMF would be to measure the IGIMF effect. A 
few predictions and tests are compiled in the box IGIMF Predictions/Tests 

(p.imi). 
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IGIMF Successes: 



The mass -metallicity relation of galaxies emerges naturally (|Koppen et al 
20071 ): 



The [g/Fe] element abu ndance ratios of early-type galaxies emerge naturally 
i Recchi et al.ll2009l ): 



The observed radial Ha cut-off in disk galaxies as well as the different radial 
profil es in Ha and FUV emerge naturally ( Pflamm- Altenburg fc Kroupal 



20081) : 



The SFR of a galaxy is proportional to its mass in neutral gas (Eq. [75]) . 

The gas depletion time-scales of dwarf irregular and large disk galaxies are 
about 2.8 Gyr, implying that dwarf galaxi es do not have lower star for- 



mation efficiencies than large disk galaxies (|Pflamm- Altenburg fc Kroupa 
20093); 



The stellar-mass buildup times of dwarf and large galaxies are only in agree- 
ment with downsizing in the IGIMF context, but contradict downsizing 
within the traditional framework that assumes a constant galaxy-wide 
IMF. The stellar- mass build-up times in dwarf galaxies become shorter 
than a Hubble time and therewith naturally solve the hitherto unsolved 
problem that the times are significantly longer t han a Hubble time if an 



invariant IMF is assumed ( Pfiamm- Altenburg fc Kroupall2009b[ ) 



The IGIMF solution for the IMF of the Galactic Bulge is in excellent agreement 
with the top-heavy IMF derived from chemical-evolution studies of the 
Bulge. 

For a SFR= 119 Afg/yr the IGIMF has a « 2 (Fig. |35]). This is in good agree- 
ment with the constraint a — 1.9±0.15 observ ed for the z ^ 2.5 lense d 
galaxy SMM J163554.2+661225 with Herschel bv lFinkelstein et all (|201l[ ). 



who adopted a maximum stellar mass of 100 Mq whereas the IGIMF 
theory adopts rTimax* — 150 A/0 therewith biasing their IMF solution to 
slightly steeper indices. 
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Figure 36: The number of supernovae of type II (SNII) per star in the IGIMF 
divided by the number of SNII per star in the canonical IMF, rj, as a function of 
the stellar galaxy mass, Mgai. The upper shaded area is for an ECMF with (5 = 2, 
while the lower shaded area assumes (5 = 2.35, both with Med.min = 5Mq. The up- 
per bound for each shaded region is for an initial SF burst model of 1 Gyr duration 
(SFR = Mgai/lGyr), while the lower bounds are for a cons tant SFR ove r a Hub- 
ble time {SFR = Mgai/13.7Gyr). For details see Weidner fe Kroupal lj2005l ). but the 
here plotted ri is computed from the IGIMFs shown in Fig. [35l For most galaxies 
the SNII rate is expecte d to be smaller than the expected rate for an invariant IMF 
ijGoodwin fc Pagell l2005l l. But it can be seen that the number of SNII per star be- 
comes larger than for a canonical IMF when /3 = 2.0 and SFR > IOMq/jt because 
the IGIMF becomes top-heavy when CSFEs with cloud density p > 10^ Mq/pc^ are 
included. Star-bursting galaxies therewith come with an overabundance of type II SN 
if the ECMF has /3 = 2 and clusters with mass down to 5 Mq form in star bursts. 
Similar results are obtained for /? = 2.35 and an ECMF without low-mass clusters 
(not plotted here). Such and similar calculations allow observational testing of the 
IGIMF theory e.g. through constraining t he mass of the e xtreme SN progenitors in 
dependence of the SFR of the host galaxy l|Neill et aLlbOlll l. 
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IGIMF Predictions/Tests: 

If the IMF were a stochastic or probabilistic distribution function then a pop- 
ulation of e.g. 1500 very young stars sh ould conta i n 9 st ars more massive 
than 8 A/0 (Table [J). The finding bv I Hsu et all (|2012[ ) that the L1641 



cloud is deficient in O and early B stars to a 3-4 sigma significance level 
constitutes a direct observational verification of the LIGIMF effect (many 
low-density star- forming clumps). 

In the young star-forming region Taurus- Auriga, random sampling from the 
IMF predicts 9 stars more massive than 3.25 Mq while none are observed. 
However, such a low number of stars above 3.25 Mq is to be expected if 
one assumes a local IGIMF effect from the sub-clusters in that region. 
The closest star-forming region is thus fully consistent with the IGIMF 
theory while being in conflict with the hypothesis that star formation is 
equivalent to randomly sampling stars from the IMF; 

The fraction among all stars of massive stars in a galaxy with a low SFR is 
smaller than in a galaxy with a larger SFR. E.g. for SFR = 10""^ Mq/ji 
no star more massive than 18 Mq ought to be seen in the galaxy while 30 
are expected for an invariant canonical stellar IMF (Weidner et al, 
in prep.); 

The number of type II supernovae is smaller in all dwarf and normal galaxies 
than hitherto thought assuming an invariant stellar IMF (Fig. l36| . 



These new insights should lead to a revision of theoretical work on galaxy for- 
mation that typically until now relied on an invariant IMF. Empirical evidence 
in fa vour of or against the notion of a galaxy- variable IGIMF is being studied 



m la your oi or against tne notion or a galaxy- variable Hjiivi-f is being stuaiea 
(e.g. ICorbeUi et al.ll2009t ICalzetti et al.ll20ld iFumagalh et al.ll201ll: [ Nein et al. 
201lUWeisz et al.ll2012t iRovchowdhurv et ailboill) and will ultimately lead to 



a refinement of the ideas. Important for workers to realise here is that stellar- 
dynamical processes are a central physics ingredient when analysing populations 
of unresolved star clusters and the spatial distribution of massive stars. Also, 
care needs to be exercised in testing hypotheses self-consistently (Sec. II. 6|) . At 
a fundamental level, the IGIMF theory is correct, since a galaxy is trivially 
the sum of all star-formation events. The astrophysical constraints over many 
orders of magnitude of galaxy mass allow one to constrain the fundamental pa- 
rameters that define the particularly valid IGIMF. These parameters are the 
ECMF (e.g., do dwarf and massive galaxies form only massive clusters when 
they experience a star burst?), the exact form of the m-max ~ relation, and 
the variation of the stellar IMF with star-formation rate density. 
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Main results: Due to the clustered nature of star- formation the composite or 
integrated IMF of galaxies or of parts thereof is steeper than the canonical IMF 
for low to modest SFRs {SFR^ 1 Mq/yv) or SFR surface densities, respectively, 
and it can be top-heavy for larger SFRs. The behaviour of the IGIMF depends 
on the variation of the ECMF with the SFR. The IGIMF theory for the first time 
links in a computationally accessible way empirically calibrated star-formation 
processes on a pc scale with astrophysical behaviour of systems on galactic and 
cosmological scales. 



14 The Universal Mass Function 

How does the stellar IMF fit in with the mass distribution of all condensed 
obj ects, from planets to mass ive galaxy clusters? 



iBinggeli fc Hascheil ( 2007 ) deduce a universal MF (UMF) for all astronom- 
ical objects over a mass range of 36 decimal orders of magnitude, divided into 
seven groups: 1. Planets and small bodies (meteoroids, asteroids), 2. stars, BDs 
and stellar remnants, 3. molecular clouds, 4. open clusters, 5. globular clusters, 
6. galaxies (dark matter plus baryonic masses), and 7. galaxy clusters (dark 
matter plus baryonic masses). Their result is reproduced in Fig. 1371 The shape 
as well as the normalisation are based on observational data, however, using a 
present-day mass function rather than the IMF for stars, with a slightly different 
low-mass stellar slope and BDs as being continuously connected to stars (dotted 
curve). The canonical IMF is shown by the blue curves. The UMF follows an 
approximate oc power law which is remarkably similar to the Salpeter one 
(a = 2.35) as well as to a log arithmic mass equi-distribution [a — 2) 



= Z.6o) as well as to a log aritnmic mass equi-aistribution {a — Z). 
IBinggeli fc Hascher (2003) write "It is gratifying that the two halves almost 



perfectly connect to each other around one solar mass. Remember that this 
normalization was achieved on the basis of the mean universal mass density 
carried by the stars, embodied in the galaxies on the one h and, and comprised 
by the stars themselves on the other." As pointed out by IBinggeli fc Hascher 



(|2003), a possible reason for this fairly continuous UMF may be that gravitation 



is the dominant agent for creating the structures. 



15 Concluding Comments 

Spectacular advances have been achieved over the past two decades in the field 
of IMF research and this affects a vast area of astrophysics. The discrepant 
observed nearby and distant luminosity functions of stars in the local Galactic 
disk have been unified with one IMF, and the strong peak in the luminosity 
function near My = 12 is well understood as a result of the changing internal 
constitution of stars as a function of their mass. The unification of the lumi- 
nosity functions also ultimately lead to a unification of the observed discrepant 
binary populations in different environments through dynamical processing in 
star-forming regions. 
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Fi gure 37: The universal m ass function (UMF) of condensed structures according 
to iBinggeli &: Hascherl (|2007l ). BH07 estimated the absolute normalisation based on 
the observed occurrence of the objects rangi ng from planets to g alaxy clusters. The 
canonical IMF are the TK07 lines (Eq.[55l Thies fc Kroupall2007l '). Note that if dark 
matter does not exist then the galaxy and galaxy cluster MPs are given by the black 
line (lower limit to the shaded region), while the dark matter plus baryonic masses of 
galaxies are given by the upper envelope of this shaded region. 
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The observationally determined stellar IMF is described by Eq. [55] and/- 
or Eq. I56|) . Its form has traditionally been understood to be invariant in contra- 
diction to the Variable IMF Prediction (p.[l2]). The IMF of stellar systems 
and of the Galactic field is provided by Eqs. [57]and[59l respectively. 

By studying the IMF star-formation theory is being tested. According to 
the IMF Origin Conjecture (p. 11151) the vast majority of stellar masses 
(0.1 ^m/M0 ^ few) do not appear to be affected by competitive accretion 
or proto-stellar interactions fSec. I11.2|) . According to the computational star- 
formation research the most massive star in a star-formation event correlates 
physically with the mass of the event. This mmax — M^d relation is a natu- 
ral outcome of the competitive accretion-growth and the fragmentation-induced 
starvation of stellar masses, and the computations reproduce the general shape 
of the IMF. Different ideas (competitive accretion, coagulation and simply the 
distribution of gravitationally unstable regions in turbulent clouds) all lead to 
virtually the same type of theoretical power-law IMF. The IMF appears to be 
mostly form invariant within space-time correlated star-formation events (CS- 
FEs, i.e. in individual embedded star clusters) for star-formation rate densities 
SFRD ^0.1 M0pc~^ yi~^ within a spatial scale of about a pc. But, the IMF 
varies (trivially) among such individual CSFEs of stellar mass Mcc\ through 
the m„iax — -^eci relation. This relation follows from the notion of Optimal 
Sampling. Computational star-formation has achieved a remarkable degree of 
realism, although the binary population has not yet emerged properly and the 
computations cannot yet reach the birth of populous star clusters. 

That Optimal Sampling appears to be describing a freshly born stellar 
population would invalidate the concept of a stellar population being a purely 
random representation of the IMF, leading to Open Question II (p. 
The remarkable similarity of observationally determined IMF power-law indices 
(Open Question III, p. [M]) may well be an indication that nature follows 
Optimal Sampling. Two other Open Questions related to star formation 
and the IMF are furthermore stated (p. HOl and lll7|) . 

Evidence for a variation of the shape of the IMF has emerged, being con- 
sistent with the long-previously predicted IMF variation. The evidence for top- 
heavy IMFs for SFRD^tO.l Mqpc^^ yr^^ (Eq. [64]) comes from either unre- 
solved clusters or from populations that are very difficult to observe but appears 
to be increasingly established. The long-sought after evidence for a systemat- 
ically varying stellar IMF with metallicity (Fig. [33| may have emerged. A 
principal-component-type analysis of the PDMFs of GCs has now for the first 
time yielded a formulation of a systematically varying IMF with star-forming 
cloud density and metallicity (Eq. l65t . 

Among other intriguing recent results are that BDs appear to be a distinct 
population from that of low-mass stars; their pairing properties have a different 
energy scale. This is well reproduced by computational star formation. BDs 
and stars thus follow different mass distributions which do not join. A contin- 
uous log- normal function across the VLMS/BD mass scale does not therefore 
correctly describe the IMF. 

Furthermore, the IMF does appear to have a physical maximum stellar mass 
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that has now been found empirically. Stars with m ^ 150 Mq do not appear 
to form, unless they implode invisibly shortly after being formed. Populous 
star clusters with super-canonical (m > 150 Mq) stars are termed to be super 
saturated (p. |45]). There is no statistically meaningful observational evidence 
for the formation of massive stars in isolation, in agreement with star-formation 
computations. The invariance of the observationally derived IMF precludes the 
exotic IMF associated with isolated massive star formation. 

By realising that CSFEs are the true fundamental building blocks of a galaxy, 
all such events with their IMFs need to be added up to arrive at the integrated 
galactic initial mass function. This IGIMF varies in dependence of the SFR 
of the galaxy. According to the IGIMF theory, galaxies with low SFRs have 
a smaller ratio between the number of massive stars and low-mass stars than 
galaxies with high SFRs. This is the "IGIMF effect" . This formulation allows 
computation of the IGIMF as a function of time for galaxies with different SFRs. 
One implication of this is that equally-old galaxies can have very different chem- 
ical compositions ranging from unevolved to evolved, and that the cosmological 
supernova type II rate per star would be significantly different and dependent 
on galaxy type than if an invariant stellar IMF is assumed. Galaxy-formation 
and evolution computations with this latter assumption are not likely to be cor- 
rect. Indeed, it transpires that only with the IGIMF theory is a fundamental 
time-scale of about 3 Gyr uncovered on which all late-type galaxies consume 
their current gas supply. Very simple star-formation laws for galaxies emerge 
(Eg. [73]). Also, only with the IGIMF theory are the stellar-mass buildup times 
of dwarf galaxies consistent with the Hubble time. The top-heavy IMF of the 
Galactic Bulge deduced from chemical evolution research follows immediately 
from the IGIMF theory. 

Thus, with the IGIMF theory it has now become possible to calculate how 
the observationally well-constrained star- formation on pc scales propagates through 
to galactic scales of cosmological relevance. A unification of scales has therewith 
been achieved which was quite unthinkable only a few years ago. 

Many details still need to be worked out though. For example, direct verifi- 
cation of the IGIMF effect is needed. This can be achieved by directly counting 
the number of massive stars in dwarf galaxies with low SFRs, or, by counting 
the number of massive stars in a giant molecular cloud and comparing this num- 
ber with the number of late-type stars formed there. Also, the existence of and 
exact form of the mmax — M^d relation is important not only for the calcula- 
tion of the IGIMF but also for understanding to which degree star-formation is 
self-regulated on a pc scale. Such work will establish which of the two Philo- 
sophical Approaches of Sec. 11.51 describe the astrophysics of star-formation 
and of galaxies. The fact that the Orion South Cloud has formed a significant 
deficit of massive sta rs with half the c loud producing thousands of stars without 
a single massive star ( Hsu et al]l2012 ) and the fact that the mmax — Mp^i relation 
is exc ellently mapped with a small scatter at the lowest masses (jKirk fc Mverd 
I2OIII) already constitute major evidence that the IGIMF theory and its funda- 
mental assumptions appear to be given by nature. 

Concerning the wider picture, the stellar and BD IMFs fit-in quite contin- 
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uo usly into the universal mas s function of condensed structures as pointed out 
bv lBinggeli fc Hasched (|2007l ). 
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